SIMPLE HIRONAKA RESOLUTION IN CHARACTERISTIC ZERO 



JAROSLAW WLODARCZYK 



Abstract. Building upon work of Villamayor and Bierstone-Milman we give a proof of the canonical 
Hironaka principalization and desingularization. The idea of "homogenized ideals" introduced in the paper 
gives a priori the canonicity of algorithm and radically simplifies the proof. 
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0. Introduction 

In the present paper we give a short proof of the Hironaka theorem on resolution of singularities. Recall 
that in the classical approach to the problem of embedded resolution originated by Hironaka (see [23) and 
later developed and simplified by Bierstone-Milman (see and Villamayor (see an invariant which 
plays the role of a measure of singularities is constructed. The invariant is upper semicontinuous and defines 
a stratification of the ambient space. This invariant drops after the blow-up of the maximal stratum. It 
determines the centers of the resolution and allow to patch up local desingularizations to a global one. Such 
an invariant carries a rich information about singularities and the resolution process. The definition of 
the invariant is quite involved. What adds to complexity is that the invariant is defined within some rich 
inductive scheme encoding the desingularization and assuring its canonicity ( Bierstone-Milman's towers of 
local blow-ups with admissible centers and Villamayor's generalized basic objects) (see also Encinas-Hauser 
M)- 

The idea of forming the invariant is based upon the observation due to H. Hironaka that the resolu- 
tion process controlled by the order or Hilbcrt-Samucl function can be reduced to the resolution process 
on some smooth hypersurface, called a hypersurface of maximal contact (see |23|. s |. The reduction to a 
hypersurface of maximal contact is not canonical and for two different hypersurfaces of maximal con- 
tact we get two different objects loosely related but having the same invariant. To make all the process 
canonical and relate the objects induced by restrictions we either interpret the invariant in a canonical 
though quite technical way (so called "Hironaka trick") or build a relevant canonical resolution datum 
(E!,[ini,!n],|ini,!2I],!2S!,!S!,!S!,ES!)- (Both ways are strictly related). 

The approach we propose in this paper is based upon the above mentioned reduction procedure and two 
simple observations. 

(1) The resolution process defined as a sequence of the suitable blow-ups of ambient spaces can be applied 
simultaneously not only to the given singularities but rather to a class of equivalent singularities 
obtained by simple arithmetical modifications. This means that we can "tune" singularities before 
resolving them. 



Date: February 8, 2008. 

The author was supported in part by NSF grant DMS-0100598 and Polish KBN grant 2 P03 A 005 16. 

1 



2 



JAROSLAW WLODARCZYK 



(2) In the equivalence class we can choose a convenient representative given by the homogenized ideals 
introduced in the paper. The restrictions of homogenized ideals to different hypersurfaces of maxi- 
mal contact define locally analytically isomorphic singularities. Moreover the local isomorphism of 
hypersurfaces of maximal contact is defined by a local analytic automorphism of the ambient space 
preserving all the relevant resolutions. 

As a consequence neither constructing painstaking structures nor studying elaborate invariants are re- 
quired for the proof of the resolution theorems. All we need is the existence of a canonical functorial resolution 
in lower dimensions. The use of an invariant controlling the whole resolution procedure is now not essential 
and can be completely avoided. Despite that, we introduce the invariant in the process of constructing the 
algorithm mainly to mark the progress towards the desingularization. 

The strategy of the proof we formulate here is essentially the same as the one found by Hironaka and 
simplified by Bierstone-Milman and Villamayor. 

Although the preliminary set-up (with some modifications and refinements) and general strategy of the 
algorithm build upon work of Villamayor (see |2U, [321) the present proof leads to essentially the same 
invariant as in Bierstone-Milman papers (see 0, 0, |10|) 

The presented proof is fairly elementary constructive and self-contained. 

The methods used in this paper can be applied to desingularization of analytic space; we deal with the 
analytic case in a separate paper. 

1. Formulation of the main theorems 

All algebraic varieties in this paper are defined over a ground field of characteristic zero. The assumption 
of characteristic zero is only needed for the local existence of a hypersurface of maximal contact (Lemma 

EH- 

We give a proof of the following Hironaka Theorems (see \'2'6\): 

(1) Canonical Principalization 

Theorem 1.0.1. LetX be a sheaf of ideals on a smooth algebraic variety X. There exists a princi- 
palization ofX, that is, a sequence 

V v ,^1 V" , <T2 V V , V V 

y\ — y\Q < y\ i < y\ 2 < • • • * A i < . . . < y\ r — y\ 

of blow-ups Ui : .Xj_i <— Xi of smooth centers C,_i C Xi-i such that 

(a) The exceptional divisor Ei of the induced morphism a 1 = o\ o . . . o cr, : Xi — > X has only simple 
normal crossings and C'i has simple normal crossings with Ei . 

(b) The total transform o~ r * (T) is the ideal of a simple normal crossing divisor E which is a natural 
combination of the irreducible components of the divisor E r . 

The morphism (X,X) — > (X, X) defined by the above principalization commutes with smooth mor- 
phisms and embeddings of ambient varieties. It is equivariant with respect to any group action not 
necessarily preserving the ground field K . 

(2) Weak-Strong Hironaka Embedded Desingularization 

Theorem 1.0.2. Let Y be a subvariety of a smooth variety X over a field of characteristic zero. 
There exists a sequence 

X_ v ' ^1 V ^2 V V V V 

— -A < y\ i < y\ 2 < . . . < y\ i < . . . < A r — y\ 

of blow-ups oi : Xi-i < — Xi of smooth centers Cj_i C A;_i such that 

(a) The exceptional divisor Ei of the induced morphism a 1 = o\ o . . . o cr; : Xi — > X has only simple 
normal crossings and C'i has simple normal crossings with Ei. 

(b) Let Yi C Xi be the strict transform ofY. All centers Ci are disjoint from the set Reg(Y") C Yi 
of points where Y (not Yi) is smooth (and are not necessarily contained inYi). 

(c) The strict transform Y := Y r of Y is smooth and has only simple normal crossings with the 
exceptional divisor E r . 

(d) The morphism [X, Y) <— [X, Y) defined by the embedded desingularization commutes with 
smooth morphisms and embeddings of ambient varieties. It is equivariant with respect to any 
group action not necessarily preserving K . 
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(e) (Strengthening of Bravo- Villamay or) (see |12| ) 

c*(Xy) = lyTjj, 

where X y is the sheaf of ideals of the subvariety Y <Z X and X^ is the sheaf of ideals of a simple 
normal crossing divisor E which is a natural combination of the irreducible components of the 
divisor E r . 

(3) Canonical Resolution of Singularities 

Theorem 1.0.3. Let Y be an algebraic variety over a field of characteristic zero. 

There exists a canonical desingularization of Y that is a smooth variety Y together with a proper 
birational morphism resy : Y — ► Y which is functorial with respect to smooth morphisms. For any 
smooth morphism (j) : Y' — » Y there is a natural lifting <j) : Y' — » Y which is a smooth morphism. 

In particular resy : Y — > Y is an isomorphism over the nonsingular part ofY. Moreover resy is 
equivariant with respect to any group action not necessarily preserving the ground field. 

2. Preliminaries 

To simplify our considerations we shall assume that the ground field is algebraically closed. At the end 
of the paper we deduce the theorem for an arbitrary ground field of characteristic zero. 

2.1. Resolution of marked ideals. For any sheaf of ideals I on a smooth variety X and any point x € X 
we denote by 

ord^X) := max{z | X C m l x } 
the order of X at x. (Here m x denotes the maximal ideal of x.) 

Definition 2.1.1. (Hironaka (see [23], |2s3), Bierstone-Milman (see [S]), Villamayor (see [2])) A marked ideal 
(originally a basic object of Villamayor) is a collection (X, X, E, fi), where X is a smooth variety, I is a sheaf 
of ideals on X , fi is a nonnegative integer and E is a totally ordered collection of divisors whose irreducible 
components are pairwise disjoint and all have multiplicity one. Moreover the irreducible components of 
divisors in E have simultaneously simple normal crossings. 

Definition 2.1.2. (Hironaka (jZH, ESI), Bierstone-Milman (see [Hj), Villamayor (see [jU)) By the support 
(originally singular locus) of (X, X 7 E, /i) we mean 

supp(V, X, E,fi) := {x £ X | or& x (X) > /j,}. 

Remarks. (1) The ideals with assigned orders or functions with assigned multiplicities and their supports 
are key objects in proofs of Hironaka, Villamayor and Bierstone-Milman (see [33]. Hironaka intro- 
duced the notion of idealistic exponent. Then various modifications of this definition were considered 
in the papers of Bierstone-Milman (presentation of invariant) and Villamayor ( basic objects). In our 
proof we stick to Villamayor's presentation of his basic objects (and their resolutions). Our marked 
ideals are essentially the same notion as basic objects. However because of some technical differences 
and in order to introduce more suggestive terminology we shall call them marked ideals. 

(2) Sometimes for simplicity we shall represent marked ideals (X,X, E, [/,) as couples (X, fj.) or even ideals 
X. 

(3) For any sheaf of ideals X on X we have supp(X, 1) = supp(X). 

(4) For any marked ideals (X, /i) on X, supp(X, /.i) is a closed subset of X (Lemma 12.6. 211 . 

Definition 2.1.3. (Hironaka (see [21], [23), Bierstone-Milman (see [H]), Villamayor (see [S3)) By a resolution 
of (X,X, E, (j,) we mean a sequence of blow-ups Oi : Xi — > Xi—\ of disjoint unions of smooth centers Cj_i C 
Xi-i, 

v v ai V a2 V °" 3 V Or \r 

Ao — A < Ai < A_2 < • ■ ■ Ai < . . . < A r , 

which defines a sequence of marked ideals (Xi,Xi, E^ ji) where 

(1) Ci C supppQ, Ii,Ei,ij). 

(2) Ci has simple normal crossings with Ei. 

(3) Xi = X(Di)^ fJ, a*(Xi^i), where X(Di) is the ideal of the exceptional divisor Di of <7j. 

(4) Ei — af(Ei-i) U {Di}, where a^(Ei-i) is the set of strict transforms of divisors in E^i. 
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(5) The order on of (i?j_i) is defined by the order on while D t is the maximal element of Ei. 

(6) supp(A r , l r ,E r ,fj,) = 0. 

Definition 2.1.4. The sequence of morphisms which are either isomorphisms or blow-ups satisfying condi- 
tions (l)-(5) is called a multiple test blow-up. The number of morphisms in a multiple test blow-up will be 
called its length. 

Definition 2.1.5. An extension of a multiple test blow-up (or a resolution) (Xi)o<i< m is a sequence 
( X j)o<j<m> of blow-ups and isomorphisms X' Q = X' Jo = .. . = X' Ji _ 1 <— X' h = . .. = X' j2 _ 1 <— .. .X'. = 
...=X' m „ where X' u = X { . 

Remarks. (1) The definition of extension arises naturally when we pass to open subsets of the considered 
ambient variety X . 

(2) The notion of a multiple test blow-up is analogous to the notions of test or admissible blow-ups 
considered by Hironaka, Bierstone-Milman and Villamayor. 

2.2. Transforms of marked ideal and controlled transforms of functions. In the setting of the above 
definition we shall call 

(Ji,/i) := of (Tj-i,^) 

a transform of the marked ideal or controlled transform of (X,/j). It makes sense for a single blow-up in a 
multiple test blow-up as well as for a multiple test blow-up. Let o % := o\ o . . . o cr, : Xi -^Ibea composition 
of consecutive morphisms of a multiple test blow-up. Then in the above setting 

(J i)M )=<7 ic (J, M ). 

We shall also denote the controlled transform cr lc (X 7 ^) by (X, /u), or [X, /i],. 

The controlled transform can also be defined for local sections / £ X(U). Let a : X <— X 1 be a blow-up of 
a smooth center C C supp(X, defining transformation of marked ideals a c (X,fj.) = Let / £ X(U) 

be a section of a sheaf of ideals. Let U' C cr _1 (J7) be an open subset for which the sheaf of ideals of the 
exceptional divisor is generated by a function y. The function 

g = y-»(foo-)£l(U') 

is a controlled transform of / on U' (defined up to an invertible function). As before we extend it to any 
multiple test blow-up. 

The following lemma shows that the notion of controlled transform is well defined. 

Lemma 2.2.1. Let C C supp(X, fi) be a smooth center of the blow-up o : X <— X' and let D denote the 
exceptional divisor. Let Tq denote the sheaf of ideals defined by C. Then 

(1) Tc2£. 

(2) a*(l) C (lb)". 

Proof. (1) We can assume that the ambient variety X is afiine. Let u\,...,Uh be parameters generating Ic 
Suppose f £ X\ Xq . Then we can write / = ^2 a c a u a 7 where either \a\ > \i or \a\ < \i and c a ^Xc- By the 
assumption there is a with \a\ < n such that c a ^_ Xq- Take a with the smallest \a\. There is a point x £ C 
for which c a (x) ^ and in the Taylor expansion of / at x there is a term c a (x)u a . Thus ord K (X) < /i. This 
contradicts to the assumption C C supp(Z, fi). 

(2) a*(X) Ca*(X c y = {X D y. □ 

2.3. Hironaka resolution principle. Our proof is based upon the following principle which can be traced 
back to Hironaka and was used by Villamayor in his simplification of Hironaka's algorithm: 

(1) (Canonical) Resolution of marked ideals (X,X, E, fi) 

a- 

(2) (Canonical) Principalization of the sheaves X on X 

(3) (Canonical) Weak Embedded Desingularization of subvarieties Y C X 

a- 

(4) (Canonical) Desingularization 
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(1) =>(2) It follows immediately from the definition that a resolution of (A, X, 0,1) determines a princi- 
palization of X. Denote by a : A <— A the morphism defined by a resolution of (X,T, 0, 1). The controlled 
transform (X, 1) := er c (X, 1) has the empty support. Consequently, = 0, and thus X is equal to the 
structural sheaf O^. This implies that the full transform o~*(T) is principal and generated by the sheaf of 
ideal of a divisor whose components are the exceptional divisors. The actual process of desingularization is 
controlled by some invariant and is often achieved before (X,X,E, 1) has been resolved fProposition l3.0.8|) . 

(2) =>(3) Let Y C X be an irreducible subvariety. Assume there is a principalization of sheaves of ideals 
Ty subject to conditions (a) and (b) from Theorem 1 1.0. II Then in the course of the principalization of Xy 
the strict transform 5^ of 7 on some Xi is the center of a blow-up. At this stage Yi is nonsingular and has 
simple normal crossing with the exceptional divisors. In the algorithm this moment is detected by some 
invariant. 

(3) =>(4) Every algebraic variety admits locally an embedding into an affine space. Thus we can show that 
the existence of canonical embedded desingularization independent of the embedding defines a canonical 
desingularization. The patching of local desingularizations is controlled by an invariant independent of 
embeddings into smooth ambient varieties, provided the dimensions of the ambient varieties are the same. 

2.4. Functorial properties of multiple test blow-ups. 
Lemma 2.4.1. Let <j> : X' — > X be a smooth morphism. Then 

(1) For any sheaf of ideals X on X and any x' € X' , x = 4>(x') € X we have ov& x i ((f)* (X) ) — ord^(X). 

(2) Let E be a set of divisors with smooth disjoint components such that all components of all divisors 
have simultaneously simple normal crossings. Then the inverse images <p^ 1 (D) of divisors D £ E 
have disjoint components and all the components of the divisors <p^ 1 (D) have simultaneously simple 
normal crossings. 

Proof. The assertions can be verified locally. Assume </> is of relative dimension r. Then it factors (locally) 
as 4> — irip where ip : U x > — > X x A r is etale and ir : X x A r — > X is the natural projection. Let x" :— ip(x'). 
Since ip defines a formal analytic isomorphism ip* : X ".xxA r — X '.x the assertion of the lemma are 
satisfied for ip. Moreover they are satisfied for the natural projection n and for the composition <p = nip. □ 

Proposition 2.4.2. Let A, be a multiple test blow-up of a marked ideal (X,X,E,fi) defining a sequence of 
marked ideals ( Aj , X, , Ei , /i) . Given a smooth morphism <p : X' — > X, the induced sequence X[ := X' x x Xi 
is a multiple test blow-up of (X' \X' , E' ', /x) such that 

(1) 4> lifts to smooth morphisms ipi : X[ — > Xi. 

(2) (X[) defines a sequence of marked ideals (A^,X^, E\, n) where X[ — <p*(Xi), the divisors in E[ are the 
inverse images of the divisors in Ei and the order on E[ is defined by the order on Ei . 

(3) If (Xi) is a resolution of (A,Z, E, /i) then (A 2 ') is an extension of a resolution of (A',X', £", /z). 

Proof. Induction on i. The pullback o-' i+1 : X[ <— X' i+1 of the blow-up o~i+i : Xi <— A,+i by the smooth 
morphism (f>i : X[ —> Xi is either the blow-up of the smooth center C[ = o~^~ (Ci) or an isomorphism if 
cTj rl (C) = 0. Since (f>i : X- — > Xi is smooth for any x' G A- and x — 4>i(x), ord x /(2|) = ord x / ((f)* (Xi)) = 
ord x (Xi). Thus C[ C supp(X|,^). Moreover C- has simple normal crossings with E[. It is left to show that 
the transformation rules for the sheaves of ideals X[ and sets of divisors E[ are carried over by the induced 
smooth morphisms (j)i. Note that the inverse image of the exceptional divisor Di + \ of er,; + i is the exceptional 
divisor D' i+1 = (j)~ 1 (D i ) of a' i+1 . Thus we have 

E' i+1 = (^rW) U {D< +1 } = (a'y^-'m) U C+JA+i} - ^((^(Ei) U {A+i}) = C+i(^+i) 
X< +1 = (o' l+1 Y(X>r) = (a^ +i r(Xl)X(Di +1 )-^ = (o-' i+1 TmH)) ■ ^ +1 ((T(D l+1 ))-^) = 
<t>l +1 (a* +1 (Ii) ■ (l(D i+ i))-») = tf+livi+iPi) = ^+1(^+1) 

□ 

Definition 2.4.3. We say that the above multiple test blow-up (A t ') is induced by <f>i and A. We shall 
denote (X'i) and the corresponding marked ideals (X',X', E' , fi) by 

tt>*(Xi) := Xi ^(Xi^E^fi) := (A-,X-, E[, fi). 
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2.5. Equivalence relation for marked ideals. Let us introduce the following equivalence relation for 
marked ideals: 

Definition 2.5.1. Let (X,X, Ex, fix) and (X,J,Ej,^j) be two marked ideals on the smooth variety X. 
Then 

(X,X,Ex,nx) ~ {X,J,Ej,hj) 

if 

(1) Ex = Ej and the orders on Ex and on Ej coincide. 

(2) supp(X,J,Si,/ii) = sum>(X,J,Ej,iij). 

(3) All the multiple test blow-ups X = X X\ . . . < — X, t . . . < — X r of (X,X, Ex, Hx) are 
exactly the multiple test blow-ups of (X, J,Ej,fij) and moreover we have 

supppQ, li,Ei,nx) = supp(Xi,Ji,Ei,fj,j). 

Example 2.5.2. For any k G N, ~ (X k ,k/j,). 

Remark. The marked ideals considered in this paper satisfy a stronger equivalence condition: For any smooth 
morphisms <f> : X' — > X, <fi*(I, /u) ~ 4>*{J, m)- This condition will follow and is not added in the definition. 

2.6. Ideals of derivatives. Ideals of derivatives were first introduced and studied in the resolution context 
by Giraud. Villamayor developed and applied this language to his basic objects. 

Definition 2.6.1. (Giraud, Villamayor) Let J be a coherent sheaf of ideals on a smooth variety X. By 
the first derivative (originally extension) T>(X) of X we mean the coherent sheaf of ideals generated by all 
functions /el with their first derivatives. Then the i-th derivative T> l {X) is defined to be V(V % ~ X (T)). If 
(X, n) is a marked ideal and i < \i then we define 

V l (X,y) := {V\X)^-i). 

Recall that on a smooth variety X there is a locally free sheaf of differentials Qx/k over K generated 
locally by du\, . . . , du n for a set of local parameters u\, . . . ,u n . The dual sheaf of derivations Der^ (Ox) 
is locally generated by the derivations Immediately from the definition we observe that T>(X) is a 

coherent sheaf defined locally by generators fj of X and all their partial derivatives ^ . We see by induction 

that V 1 (X) is a coherent sheaf defined locally by the generators fj of X and their derivatives 8 gJ/ J for all 
multiindiccs a = (a>i, . . . , a n ), where \a\ := ct\ + . . . + a n < i. 

Remark. In characteristic p the partial derivatives ^fjji- (where a! = a\\ ■ . . . ■ a n l) are well defined and arc 
called the Hasse-Dieudonne derivatives. They should be used in the definition of the derivatives of marked 
ideals. One of the major sources of problems is that unlike in characteristic zero 

V l (V 3 (X)) C V i+i (X). 

Lemma 2.6.2. (Giraud, Villamayor) For any i < fj, — 1, 

supp(X,M) = supp(V l (X),^i- i)). 

In particular supp(Z, fj,) = supp(£"* _1 (X), 1) = V(V^~ 1 (X) is a closed set. □ 

We write (X, /z) C (J, /z) if X C J. 

Lemma 2.6.3. (Giraud, Villamayor) Let (X,jj,) be a marked ideal and C C supp(X, /z) be a smooth center 
and r < \i. Let a : X <— X' be a blow-up at C. Then 

o- c (V r (X,ri)CV r (o- c (X,»)). 

Proof. First assume that r = 1. Let m, . . . , u n denote the local parameters at x. Then the local parameters 
at x' e a^ 1 (x) are of the form u' { = for i < m and u\ = Ui for i > m, where u m = u' m = y denotes the 
local equation of the exceptional divisor. 

The derivations of O x ,x extend to the derivations of the rational field K(X). Note also that 

d^ = 7±> t<m,l<j<n; ^- = --^ Uj , j < to; ^ = 1, ^^0,j>m; 

g^ = dij, i>m. 
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This gives 

9 _ _1 9 _ 1 d i <• ^ rn . d _ _l( nl i d t I d _ „./ d \ 

Out ~ u m ThZ ~ y~chZ> ' du m ~ t/V u laJ[ "m-1 du' m _ 1 ™ du' m )> 

^r-r = -J?- ,m < i < n. 

OIL - OUi 3 — 

We see that any derivation D of Ox induces a derivation ya*(D) of Ox 1 - Thus the sheaf ya*( 
Derx(Ox)) of such derivations is a subsheaf of 
DerxiOx') locally generated by 

d <9 , <9 

— ,Km; y—, and y—,i>m. 
au\ ay av! i 

In particular ya*(V{X)) C V(a*(X)). For any sheaf of ideals J on X' denote by ya*(V)(J) C the 
ideal generated by J and the derivatives D'(f), where / 6 J and D' 6 yer*( 
Der K (O x ))- Note that for any f £ J and £>' e ycr*( 
Derx{Ox)), y divides -D'(y) and 

D'(yf)=yD'(f) + D'(y)f e y**(V)(J) + yj = ya*(V)(J). 

Consequently, ya*(V){yJ) C yya*{V){J) and more generally ya*{V)(y^J) C y^ya* (V){J). Then 

j/a*(P(J)) C ya*(T>) (a*(T)) = ya*(V)(y^ c (X)) C y^ya* (V)(a c (I)) C ^D(a c (J)). 

Then 

a c (P(X)) = y^+V(D(Z)) C P(a c (X)). 
Assume now that r is arbitrary. Then C C supp(Z, fi) — supp(2? J (X, /x)) for i < r and by induction on r, 
CT c (P r J) = a c (X>(X> r - 1 (2:))) C V{a c V r -\l)) C V r (cr c (I)). □ 

As a corollary from Lemma 12 . 6 . 31 we prove the following 

Lemma 2.6.4. ^4 multiple test blow-up (Ai)o<i<fc o/ (X, fi) is a multiple test blow-up ofT> J (T,[i) for < 
j < (j, and 

[W(l,fj,)] k cW(l k ,n). 

Proof. Induction on k. For k = evident. Let (Tfe+i : Afe <— Xfc+i denote the blow-up with a center C k Q 
supp(X fc ,^) = supp(X> J (2 fc ,/x)) C suppflX^J, /*)]*.). Then by induction [D 3 (1, fi)] k+1 = al +1 \D 3 (l, fj)] k C 
c^ +1 (XW'(J fc , m)). Lemma EH! gives a c k+1 (V^(l k , fij) C DV^ +1 (I fc , /i) - Vi{T k+l ,n). □ 

Lemma 2.6.5. Let (j) : X 1 X be an etale morphism of smooth varieties and I be a sheaf of ideals on X . 
Then 

Proof. Since <f> is etale, for any points x' £ X 1 and 4>{x') = x we have O^x' — O x> x, and (f>*(T>(I)) x = 
(T>((f>*(T))) x /. Since O^x is faithfully flat over Xi x and (V(I)) = P(X) • O x .x we get the equality of stalks 
}>*{V(1)) X = V(4>*(l)) xl which determines the equality of sheaves <j>*(D(T)) = V(4>*(1)). □ 

2.7. Hypersurfaces of maximal contact. The concept of the hypersurfaces of maximal contact is one of 
the key points of this proof. It was originated by Hironaka, Abhyankhar and Giraud and developed in the 
papers of Bierstone-Milman and Villamayor. 

In our terminology we are looking for a smooth hypersurface containing the supports of marked ideals 
and whose strict transforms under multiple test blow-ups contain the supports of the induced marked ideals. 
Existence of such hypersurfaces allows a reduction of the resolution problem to codimension 1. 

First we introduce marked ideals which locally admit hypersurfaces of maximal contact. 

Definition 2.7.1. (Villamayor (see [2])) We say that a marked ideal (X, /i) is of maximal order (originally 
simple basic object) if max{ord x (X) | x £ X} < fi or equivalently 2>'(X) = Ox- 

Lemma 2.7.2. (Villamayor (see |31| )) Let (I, fi) be a marked ideal of maximal order and C C supp(I, fi) 
be a smooth center. Let a : X <— X' be a blow-up at C C supp(I, fi). Then cr c (T, fi) is of maximal order. 

Proof. If (X, jit) is a marked ideal of maximal order then V^(X) = Ox- Then by Lemma l2.6.3l X" 1 (<t c (X, /i)) D 
cr c (V^(X),0) = Ox- □ 
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Lemma 2.7.3. (Villamayor (see |31| ) ) If (X, fi) is a marked ideal of maximal order and < i < \i then 
T> 1 (X, fi) is of maximal order. 

Proof. V' i - i (p i (X,n)) = W(X,n) =O x . □ 

Lemma 2.7.4. (Giraud) Let (I, /it) be the marked ideal of maximal order. Let a : X <— X' be a blow-up at 
a smooth center C C supp(X, /z). Let u G T>^ 1 (X, n)(U) be a function of multiplicity one on U , that is, for 
any x G V(u), oxd x (u) — 1. In particular supp(X, fx) DUG V(u). Let U' C <7 _1 (i7) C X' be an open set 
where the exceptional divisor is described by y. Let u' := a c (u) = y a*(u) be the controlled transform of u. 
Then 

(1) «'eXw-V(V, M )). 

(2) v! is a function of multiplicity one on U' . 

(3) V(tt') is the restriction of the strict transform ofV(u) to U' . 

Proof. (1) v! = a c (u) = u/y G ^(V^il)) C V^ 1 (a c (I)) . 

(2) Since u was one of the local parameters describing the center of blow-ups, u' — u/y is a parameter, 
that is, a function of order one. 

(3) follows from (2). □ 
Definition 2.7.5. We shall call a function 

ueT(l)(U) :=2y*- x (J(^)) 
of multiplicity one a tangent direction of (X, jS) on U . 

As a corollary from the above we obtain the following lemma: 

Lemma 2.7.6. ( Giraud) Let u £ T(Z)(U) be a tangent direction of (I, (i) on U . Then for any multiple test 
blow-up (Ui) o/(X|[/,/i) all the supports of the induced marked ideals supp(Zi,/i) are contained in the strict 
transforms V(u)i ofV(u). □ 

Remarks. (1) Tangent directions are functions defining locally hypersurfaces of maximal contact. 

(2) The main problem leading to complexity of the proofs is that of noncanonical choice of the tangent 
directions. We overcome this difficulty by introducing homogenized ideals. 

Lemma 2.7.7. (Villamayor) Let (T,/j,) be the marked ideal of maximal order whose support is of codimension 
1. Then all codimension one components o/supp(X, (J,) are smooth and isolated. After the blow-up a : X <— 
X' at such a component C C supp(X, [i) the induced support supp(X', jj) does not intersect the exceptional 
divisor of a. 

Proof. By the previous lemma there is a tangent direction u G V^^iX) whose zero set is smooth and 
contains supp(I, fi). Then V^ 1 (X) = (u) and X is locally described as X — (u^). The blow-up at the 
component C locally defined by u transforms (X, /z) to (X',/x), where <r*(X) = y^Ox, and X' = cr c (X) = 
y _Al (T*(X) = Ox, where y — u describes the exceptional divisor. □ 

Remark. Note that the blow-up of codimension one components is an isomorphism. However it defines a 
nontrivial transformation of marked ideals. In the actual desingularization process this kind of blow-up may 
occur for some marked ideals induced on subvarieties of ambient varieties. Though they define isomorphisms 
of those subvarieties they determine blow-ups of ambient varieties which are not isomorphisms. 

2.8. Arithmetical operations on marked ideals. In this sections all marked ideals are defined for the 
smooth variety X and the same set of exceptional divisors E. Define the following operations of addition 
and multiplication of marked ideals: 

(1) (X,/jx) + {J,Vj) '■= (X MI + J^ x , mnj), or more generally (the operation of addition is not asso- 
ciative) 

(X 1)Ml ) + . . . + (X mjMm ) := (If + If^-...-„"» + . . . +X£-^-S Ml /i 2 . .. Mm ). 

(2) {X,Lt x )-{J,tij) :=(X.J,hx + hj). 

Lemma 2.8.1. (1) supp((Xi, fii) + ... + (X m ,fi rn )) = supp(Xi,/zi) n ... n supp(X m , fx m ). Moreover 
multiple test blow-ups (Xk) of (Xi,fi±) + . . . + iX m ,Li m ) are exactly those which are simultaneous 
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multiple test blow-ups for all {Xj,fij) and for any k we have the equality for the controlled transforms 

{lj,flx)k 

C^li Mljfe + • • • + (I m , Mm)fc = l(^l> Ml) + • • ■ + (I m > Mra)]fc 

(2) 

supp(J,Mi) nsupp(J r ,/^) D supp((T,/i X ) • {J,fij))- 
Moreover any simultaneous multiple test blow-up Xi of both ideals {I, fix) and {3 ,fij) is a multiple 
test blow-up for (I, fix) ■ {3 ,fij), and for the controlled transforms {I k ,/ix) and {3 k ,fij) we have 
the equality 

{Ik, fix) ■ (Jk,fij) = [(I, Ml) ' {3,flj)] k - 

Proof. 

(1) To simplify notation we restrict ourselves to the case of two marked ideals. The proof for n > 2 
marked ideals is exactly the same. We have 

su PP ((X,/ii) + {J,fij)) = supp(T^ + J^,fixfij) = supp{l^,fixfij) r\supp{3'" I ,fixfij)= 
supp(Z, fi x ) n supp(J, fij). 

Suppose now all multiple test blow-ups of {I, fix) + {3,fij) 01 length k > are exactly simultaneous 
multiple test blow-ups for {I, fix) and {J,fij) and [{l,fix) + {3,fij)] k = {%k,fix) + {3 k ,fij)- Let cr fc+1 
denote a blow-up of smooth center C k contained in supp[(X, fix) + {3, fi j)]k- Then 

[{J, fix) + {J,fij)]k+i = ai +1 {{J k ,fix) + {J k ,fij)) = {y-^o-* k+1 {l^ +J k Ul ,flXflj)) = 
{y-Wo-l{l k y*,fixfij) + {y-^cT* k {J k )^,fixfij) = {y-^a* k {l k ),fix) + {y~^(T* k {J k ),fij) = 
o- C k( x k, Mi) + v k {3 k , fij) = (^fe+i,Mi) + {J k+ i,(ij). 

(2) If ord x (2~) > fix and oid x {3) > fij then ord x (X ■ J) > fix + fij. This implies that 

supp(2~, fix) n supp( l 7, fij) 2 s upp((2^jMi) ' {3,fij))- Suppose now all simultaneous multiple test blow-ups 
of {X, fix) and {3 , fi j) of length fc > are multiple test blow-ups for {I, fix) ■ { 3 , fi j) and there is equality 

{Ik, Hi) ■ {Jk,flj) = [{I, fix) ■ {3,flj)]k- 

Let (Tfc+i denote the blow-up of a smooth center C k contained in supp(2fc, fix) ■ {3k,fij) ^ supp(2~,fc fix) H 
supp{J k ,fij). Then 

[(I,/xi) • {J,fij)]k+i = o- c k+1 {{I k ,fix) ■ {J k ,fij)) = {y- ( ^+^a* k+1 {T k J k ),fix + fij)) D 
{y-^a* k {l k ),fix) ■ {y-^a* k {J k ),fij) = a%(I k , fix) ■ a c k {J k , fij) = {l k+U fix) ■ (Jfe+i,Mj)- 

□ 

Remark. The operation of multiplication of marked ideals is associative while the operation of addition is 
not. However we have the following lemma. 

Lemma 2.8.2. ((Ji,/xi) + (^2,^2)) + (^.Ma) - (2i,Mi) + {{^2,^2) + (^.Ms)) 

Proof. It follows from Lemma f2 . 8 . II that the supports of the two marked ideals are the same. Moreover by 
the same lemma the supports remain the same after consecutive blow-ups of multiple test blow-ups. □ 

2.9. Homogenized ideals and tangent directions. Let (2~, fi) be a marked ideal of maximal order. Set 
T{2) := T>^~ X T. By the homogenized ideal we mean 

H{I, fi) := {H{I), fi) = {l + VI- T(T) + ...+V l I- T{1) 1 + ... + V^ 1 ! ■ T(2)* t - 1 , fi) 

Lemma 2.9.1. Let (X, fi) be a marked ideal of maximal order. 

(1) If fi = l, then {H{1), 1) = (J, 1). 

(2) H{2) = {I + V1- T{1) + ... + V l Z ■ T{1) 1 + ...+ V^- 1 ! ■ T(J)^- 1 + V^I ■ T{iy + .... 

(3) (W(2), fi) = {1, fi) + V{1, fi) ■ (T(2), 1) + . . . + V\l, fi) ■ (T(I), + W-^I, fi) ■ (T(2), l)"" 1 . 

(4) If fi > 1 then H{V{l,fi)) D V{H{l,fi)). □ 

(5) T{H{l,fi))=T{l,fi). 

Remark. A homogenized ideal features two important properties: 
(1) It is equivalent to the given ideal. 
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(2) It "looks the same" from all possible tangent directions. 

By the first property we can use the homogenized ideal to construct resolution via the Giraud Lemma 12.7.61 
By the second property such a construction does not depend on the choice of tangent directions. 

Lemma 2.9.2. Let (X, /i) be a marked ideal of maximal order. Then 

(1) (T,0)~(W(2),m). ^ 

(2) For any multiple test blow-up of(X,fi), 

IT)/' ' i T „M. - J. ' ; Tl T\ 1 i 



(«(Z),/*)a = P,»)k + P{I,n)]k ■ [(T(J), l)] fc + . . . [D"- 1 ^,^)]* • + [(T(X), l)]**" 1 . 



Proof. Since W(X) D X, every multiple test blow-up of 7i(X, /i) is a multiple test blow-up of (X,/i). By 
Lemma r2.6.4l every multiple test blow-up of (X, /z) is a multiple test blow-up for all V (X, /z) and consequently, 
by Lemma r2.8.1l it is a simultaneous resolution of all (T> l (X) ■ T(jy, fi) = (X> Z (I), fi — i) ■ (T(X) 4 , i) and 

su PP (ft(X, fi) h ) = nCo 1 supp(P*(X) • T{X)\ = nfJo 1 supp(I? < (2), /x - »)* ' CW, Ok 2 

fT=o supp(£> l (X, = supp(X fc , n). 

Therefore every multiple test blow-up of (X, /i) is a multiple test blow-up of 7i(X, /i) and by Lemmas I2.9.1f 3) 
and l2~O we get (2). □ 

Lemma 2.9.3. Let (f> : X' — > X be a smooth morphism of smooth varieties and let {X,X, 0,/z) be a marked 
ideal. Then 

^(H(X))=H(4*(X)). 

Proof. A direct consequence of Lemma 12.6.51 □. 

Although the following Lemmas 12. 9. 41 and !2. 9. 51 are used in this paper only in the case E — we formulate 
them in slightly more general versions. 

Lemma 2.9.4. Let {X, X, E,/j,) be a marked ideal of maximal order. Assume there exist tangent direc- 
tions u, v s T(T,[i) x = D^ 1 (X, (x) x at x £ supp(X, \x) which are transversal to E. Then there exists an 
automorphism <j) uv of X x := Spec(0 X| _x-) such that 

(1) = (HX) X . 

(2) P UV {E)=E. 

(3) = 

(4) supp(X, /i) := V(T(X,fj,)) is contained in the fixed point set of (p. 

Proof. (0) Construction of the automorphism <p uv . 

Find parameters u 2l ■ ■ . , u n transversal to u and v such that u = u\, U2, ■ ■ ■ , u n and v, U2, ■ ■ ■ , u n form two 
sets of parameters at x and divisors in E are described by some parameters Ui where i > 2. Set 

4>uv{u\) = v, 4>uv{ui) = Ui for i > 1. 

(1) Let h := v -u € T(X). For any / el, 

9ui 2! <9u 2 i! Su| 

The latter element belongs to 



Kv(f) = + ft, "2, ■ ■ • , Un) = f(ui, . . . , U n ) + ■ h + • /l 2 + . . . + • /l* + 

X + VX- T(X) + . . . + D'X • T(X)" + . . . + X^X • T(X)' = HI. 



Hence 0*„(X) c WX. Analogously <^(X> 4 X) c X'X + X> t+1 X • T(X) + . . . + P^- : X • f(X) M ' 1 = HVn. 
In particular by Lemma ED] ^„(f(X), 1) C H(T(X), 1) = (f(X), 1). This gives 

0* uv (V l X ■ T{X)) c X> 4 X • X(X)' + . . . + D^X • f(xf 1 c WX. 
By the above 4>1 V (HX) X C {TLX) X and since the scheme is noetherian, (j>l iV (T-d) x = (HX) X . 

(2) (3) Follow from the construction. 

(4) The fixed point set of §* uv is defined by ut = 4>^ v (ui), i = 1, . . . ,n, that is, h = 0. But /i G P M_1 (X) is 
on supp(X, /it). □ 
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Lemma 2.9.5. ^Glueing LemmaJ Let (X,X, E,fi) be a marked ideal of maximal order for which there 
exist tangent directions u,v G T(T,/j,) at x € supp(Z, \i) which are transversal to E. Then there exist Stale 
neighborhoods (f> u ,(j) v : X — » X of x = 4> u (x) — <j) v (x) G X, where x G X, such that 

(1) 4>*u(x,n(i),E, f i) = ^*(x,n(i),E,n). 

(2) Mu) = 4>*Mj_ 

Set (X,T,E,n)v= 4>ljX,H(T),E,fi) = tf>l(X,H(I,E,n)). 

(3) For any y G supp(X,Z, E, /j,), (j> u (y) = <j> v (y). 

(4) Let (Xi) be a multiple test blow-up of (X,X, 0, /i). Tften 

(a) The induced multiple test blow-ups (jf u {Xi) and 4>* v {Xi) of (X,I,E,fx) are the same (defined by 
the same centers). Set (Xi) :— </>*(Xj) = <p*(Xi) and let <p U i,<fr V i : Xi — > Xj &e i/ie induced 
morphisms. Then (j)* ai (Xi,H(I)i, Ei, fi) = (f>* i (X i ,H(X)i, Ei, /x). 

(b) -Lei ^(u) and V(u) denote the hypersurfaces of maximal contact on X and V(u)i and V(v)i be 
their strict transforms. Then (V(u)i) = (/>~ (V(w)i). 

(c) For anyy t G supp(Xi,2i, 2?,, n) (f>m(Vi) = (fhiiVi)- 

Proof. (0) Construction of etale neighborhoods <f> u ,4> v : U — ► X. 

Let U C X be an open subset for which there exist U2, ■ ■ ■ ,u n which are transversal to u and v on U such 
that u = Mi, U2, ■ ■ ■ ,u n and v,U2, ■ ■ ■ ,u n form two sets of parameters on U and divisors in E are described 
by some m, where i > 2. Let A™ be the affine space with coordinates xi, . . . ,x n - Construct first etale 
morphisms tf>x, <f>2 '■ U — * A™ with 

<j>\(xi) — Ui for all i and ^(^l) = v, (^(xi) — iij for i > 1. 

Consider the fiber product U Xj^nU for the morphisms </>i and 02- Let U , <fi v are the natural projections 
4> U i4> v : U x A ,i U — ► {/ such that = 4>2<Pv Then define X to be an irreducible component of U x a™ 

whose images 4> U (U) and 4> V (U) contain a; . Set 

wi := = {(j>i(j>u)*{x{} = (<fa<t> v )* (xt) = <f>l(v), 

Wi = 0*(ttj) = 4>* v [ui) for i > 2. 

(1) Let h := v — u. By the above the morphisms <fi u and ^„ coincide on ^^(V^/i)) = <fo7 1 (V(/i)). If 
y G X be a point such that (j> u (y) & supp(X,2", E, fx) then y supp(^>* {Ji.il)) = supp(H(0* (I)) and we 
have the equality of stalks 0* (TC(X)y- = 7i(0* (X)y = Cx jr On tne other hand ^ supp(X,Z, 2?, //) and 

Let y G X be a point such that <j> u (V) = V G supp(X,2", 25, /i). Then 0i,(f/) = y. Denote by (^)y and 
[4>u)y the induced morphisms of the completions Xy — > X y . We have the equality U1 , = {^v^i^Z^v where 
U „ is given as in the proof of Lemma l2.9.4l Consequently, for any such y, 

(Hl)y = P UV (W)y = ($ U )y^-%CHJ) V . 
K(Hl)y = ($uTy{Hl)y = (^)y(Hl)y = ^(TO^y. 

We get the equality of stalks (f>* u {Hl)y = (j>* v {UI)y for all points y G X and for sheaves (2)) = cf>* v (H(l)). 
Also 0;(2?) = ^*(25) by construction and 0*(T(J)) = <j>*(T(I)). 

(2) Follows from the construction. 

(3) Let h v — u. The subset of X for which (/>i(x) = <f>2{x) is described by /i = 0. Consequently <pu = 4>v 
over V(0*(/i)). In particular these morphisms are equal over supp(I, fx) = supp(7i(I), fx). 

(4) Let (Xi) be a multiple test blow-up of (X,X,E,fi). Let C C supp(X,T, E, fi) be the center of 
cr 1 . By (3), <f) u = (f> v over supp(J, /i). Fix a point y G supp(0* (H(X)), /j,) and let y = 4> u (y) = <j) v {y) G 
supp(X, I, E, fi). Find parameters u[ — Ui,u 2 , ■■■,u' n on an affine neighborhood U' of y such that divisors 
in E are described by some Ui for i > 2 and Co is described by u[ = u' 2 = . . . = u' m = for some m > 0. 

Let J7 C 0~ 1 (t7) fl (/>~ 1 (J7) G X be an affine neighbourhood of y. 

Let J be the ideal of K[U] generated by all functions <£*(/) - 0*(/), where / G K[U'\. Then G J. 

On the other hand by definition for any point z G V((f>u{h)) G V(J) we have the equalities of the completions 
of stalks of the ideals 

%,w = (CK) - #(«0)i=i,...,n = (CW) • o w , 
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which implies the equalites of stalks of the ideals 

Finally J = {<j>u(h)) and consequently, for any i — 1, . . . n, we have 

<«) - 4>*M) e (CW) c K(T(i))(U) = K(T(i))(U). 

For simplicity denote u\ simply by m and U' by U . Let a\ : X\ — > X be the blow-up of X at Co := 
</>~ (Co) = (Co) C X. Then both morphisms 4> u and </>„ lift to the etale morphisms 4> u i,4>vi ■ X\ — > Xi 
by the universal property of a blow-up. Observe that 

Ki{T{i)u i) = Ki(AD)- 1 ■ <7*(T(J))) = KiiAD)- 1 ■ °*(T{i))) = Ci(r(x)i). 

where D denotes the exceptional divisor of o\. 

Fix a point y 1 G supp^^Ji),^) C supp(^ 1 (T(J)i), 1) and yi = (t> u i(Vi) G supp(2i,/z) C supp(T(Ji), 1) 
such that y = <7i(l/i) G supp(</>* (X), /z) and y = <Ti(yi) G supp(Z, /i). Find parameters u±, 112, ■ ■ ■ , u n at y, by 
replacing U2, . . . , u„ if necessary by their linear combinations, such that 

(1) The parameters at yi are given by un := for 1 < i < m and un := for i > m 

(2) All divisors in £1 through yi are defined by some un. 

Then := (f>u(ui) for i = 1, . . . ,n define parameters at a point y such that the parameters at y 1 are 
given by wn := for i < m and tu^ := tu, for i > m. 

Let C/ m i C Xi be the neighbourhood defined by the parameter u m . The subset U m i ^ yi is described by 
all points z for which (u m /yD){z) ^ 0, where yo is a local equation of the exceptional divisor of o\. Then 
a point z is in supp(0* 1 (T(Ji)), \i) n ^ x {U m \) iff {$ui{ u m) / Vd){z) ^ 0, where yjj is a local equation of the 
exceptional divisor of ~d\. But for any z G supp(</>* 1 (T(Xi)), 1), 

{<K( u m)/yD)(x) = {<p*Ju m )/y^)(x) +(j)l(h)/un(x) = [<j)* u {u m ) / y^)(x) , 
where h G [T(1))(U) and flM/Vo e <l>*ui(T(l)i){(pZi(Um))- This implies that 

supp^TO)),^) n ^(l^i) = supp^^T^))^) n 4>Zi(U m i). 

Then the exceptional divisor of cti is described on £/ m i := 4>Zi{U m i) H <j>Zi(U m \) and by <^i(« TO ) an d by 

U m U m 4> ul (U m ) (f> vl {Um) (f> vl (u m ) (f> vl [U m ) 

KlM (feM-fcK)) 1 ClOQ-ClM .. ,* (rrfT , (TT x ,* (TITW ITT \ 
<P„l(«m) 0„lK) il(«m) 

In particular Ua(^i(Fi)) = <^i( u ii)(l7) = d(w;i)(y) = 0. Thus 0„i(?7i) = yi = <?Wl7i) is the only point in 
crf 1 (y) for which all un are zero. This shows that <j) u \ — <p v \ over supp(T(X)i(J7 m i), 1) D supp(Xi([/ m i),/i) 
and thus over supp(T(Z)i D supp(Xi,^t). 

Set W11 := — . Note that the functions 

Kl(«ll) = <t>*u( u )/<f>*u( u rn) = <f>* v {v)/(p* u (u m ) - ^i(uil) = <j>* v {v) / <j)* v {u m ) 

are proportional (up to an invertible function on U m \). Also for any parameters un defining divisors in E\ 
through y\, we have 

0uiKi) = COO/CK") ~ ^i(w.i)/CK)' 

Denote XJ m \ and f7 m i simply by U\ and J7i . By induction on k we show that <p u k = <fr v k over supp(T(X)fe, 1) D 
supp(J fe)/ u) and for any point y fc G supp(^* fe (2'fc), /u) = supp(0; fc (X fe ), ^) and y fc = fiukiVk) = fivkiVk) € 
supp(T(X)fe, 1) there are affine neighborhoods Uk 3 y and Uk 3 y such that there exist parameters 
uife, . . . , w„fc and a function v\k on [/fe such that 

(1) uik and uifc describe hypersurfaces of maximal contact on Uk and 4>uk( u ki) ~ ^fc( w fci)- 

(2) The exceptional divisors in through are described by some parameters Ujfc and 4>uk( u ik) ~ 

<t>lk(Uik)- 

(3) - (&,*)*(«*) G ^(T^)^^) = 4>* vk (T{X)) k {U k ) for t > 1. 
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Note then the induced marked ideals cj>*(Xi, H(T)i, E+, fi) and <j>*{Xi, H(T)i, E{, pi) are equal because they are 
controlled transforms of <£*(X, H{X),E, n) = <j)*(X, H(I), E, //) defined for (X-) (see Proposition l2~4~2|l . □ 

The above lemma can also be generalized as follows: 

Lemma 2.9.6. Let G be the group of all automorphisms 4> of X x acting trivially on the subscheme defined 
by T(X) and preserving E, that is, (/>*(/) — / € T(I) for any f G ^[.X^] and <j)*(D) = D for any D G E. 
Then 

(1) 7i(X) is preserved by G, i.e. <jf (TL{I)) X = Tl(X) x for any <fi G G. 

(2) G acts transitively on the set of tangent directions u G T(I) transversal to E. 

(3) Any multiple test blow-up (X;) of (X,fi) is G-equivariant. 

(4) G acts trivially on the subscheme defined by T(X)i C Xj. 

Since this lemma is not used in the proof and all details but a few are the same as for the proof of Lemma 
12.9.41 we just point out the differences. 

Proof. In the proof of property (1) of Lemma l2.9.4l we use the Taylor formula for n unknowns 



df df 1<9 2 / d 2 f 1 d 2 f 

<£*(/) = f{ui+hi, . . .,u n + h n ) = f + ——-h x + ... + - h n + ^7T^- h i+A — JT~ ' hlfl2 + TTI ' h i' 

au\ au n 2! ou\ ou\Oui 2! au^ 



In the proof of property (4) we notice that <j> is described by <jf{ui) = Ui + h i: where hi G T(I). By a suitable 
linear change of coordinates we can assume that 

(1) The center C C supp(Z, /x) of the blow-up a is described at x by u\ = ... = u m = 0. 

(2) The coordinates at a point x\ G a^ 1 {x) n supp(Xi, /i) are un — for 1 < i < m and un = Mi for 
i > to. 

(3) The automorphism </> lifts to an automorphism ipi preserving x\ such that 

(a) For i < to, ($i)*(u a ) = = u ^+^ = u a + g a , where g a G T{T) X . 

(b) Fori > to, (0i)*(mji) = Ui+hi = ua+gn, where un = u t and 5a = hi G a*(T(l)) C □ 



2.10. Coefficient ideals and Giraud Lemma. The idea of coefficient ideals was originated by Hironaka 
and then developed in papers of Villamayor and Bierstone-Milman. The following definition modifies and 
generalizes the definition of Villamayor. 

Definition 2.10.1. Let be a marked ideal of maximal order. By the coefficient ideal we mean 

i=l 

Remark. The coefficient ideals C(I) feature two important properties. 

(1) Cil) is equivalent to T. 

(2) The intersection of the support of (I, /i) with any smooth subvariety S is the support of the restriction 
of C(l) to S: 

supp(X)nS = su P p(C(Z)| S ). 
Moreover this condition is persistent under relevant multiple test blow-ups. 

These properties allow one to control and modify the part of support of (I, fi) contained in S by applying 
multiple test blow-ups of C(2")i<j. 

Lemma 2.10.2. C(J,/x) ~ (I,fJ>). 

Proof. By Lemma P2.8.1l multiple test blow-ups of C(X, fi) are simultaneous multiple test blow-ups of /i) 
for < i < [i — 1. By Lemma 12.6.41 multiple test blow-ups of (X, \i) define the multiple test blow-up 
of all T> l (I,/i). Thus multiple test blow-ups of and C(I,fi) are the same and supp(C(I, = 

P| supp(2? 4 X, ii - i) k = supp(J fc ,^). □ 

Lemma 2.10.3. Let {X,X, E, fj,) be a marked ideal of maximal order whose support supp(X, fi) does not 
contain a smooth subvariety S of X . Assume that S has only simple normal crossings with E. Then 

supp(I, jti) n S C supp((J, n)\ s ). 
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Let a : X' — > X be a blow-up with center C C supp(Z, /Lt) H S. Denote by S' C X' the strict transform of 
S C X. Then 

a c ((Z, M )| S ) = (a c (I, M ))| S ,. 

Moreover for any multiple test blow-up (Xi) with all centers Cj contained in the strict transforms Si C Xi 
of S, the restrictions cr^g. : Si — * Si_i of the morphisms o~i : X^ — > X^i to Si define a multiple test blow-up 
(Si) of(I,/j,)\s such that 

l(Z,n)\s]i = (2i»M)|Si- 

Proof. The first inclusion holds since the order of an ideal does not drop but may rise after restriction to a 
subvariety. Let x\, . . . , Xk describethe subvariety S of X at a point p£C. Let p 1 e S' map to p. We can find 
coordinates Xi, . . . ,Xk, yi, ■ ■ ■ , y n -k such that the center of the blow-up is described by x\, . . . , Xk,yi, ■ ■ ■ , y m 
and the coordinates at p 1 are given by 

x i = X i/Vmi ■ ■ ■ ) x k = x k/ym, y[ — yi/vmi ■ • ■ , y m = v™,, y m +i = Vm+i, ■ ■ ■ , y n = Vn 

where the strict transform S' C X' of S is described by x' x , . . . , x' k . Then we can write a function / £ T(U) 
as f — c a f(y)x a , where c a f(y) are formal power series in y^. The controlled transform /' = cr c (f) = 
y ^if ° v) can be written as 

where c' af = ym cr*(c a f)- But then /| S = (c f)\ S and 

^ c (/)|5' = (c' of )\s> = y m ^*M\s> = y^*((co f )\s) = y m ^*U\s) = ^ c (f\s)- 

The last part of the theorem follows by induction: 

supp(J i+ i,/i) nSi+i = 8upp(o? +1 (Zi, n)) n S i+1 C supp(CT i+ i|s ! ) c ((2'i,/i)|sJ C 

SUpp((cr 4+1 |s.) c (X,^)|s) 4 = SUpp((T,M)|g)i+l) 

[(^M)|s] 4 +i =o-i+i|s i [( :z: >M)|s]i = °'"+i|s l (( 2 "^A*)|s ! ) = = C^mWi- 

□ 

Lemma 2.10.4. Lei (X, I, E,fi) be a marked ideal of maximal order whose support supp(T, fi) does not 
contain a smooth subvariety S of X . Assume that S has only simple normal crossings with E. Then 

supp(J,^) nS = supp(C(J,/i)| g ). 

Moreover let (Xi) be a multiple test blow-up with centers Ci contained in the strict transforms Si C Xi of 
S. Then 

(1) The restrictions cr^g. : Si — > Si-i of the morphisms <7j : Xj — > define a multiple test blow-up 
(Si) ofC(l,n)\ s . 

(2) supp(X i; ^) n Si = supp[C(J,^)| S ]i. 

(3) Every multiple test blow-up (Si) ofC(T,fi)\g defines a multiple test blow-up (Xi) of(T,n) with centers 
Ci contained in the strict transforms Si C Xi of S C X . 

Proof. By Lemmas HTTP and l2~TTPl supp(X, fi)r\S= supp(C(Z, n)) D S C supp(C(T, n)\ S ). 

Let xi, . . . , Xk, J/i, • • • , y n -k be local parameters at x such that {xi = 0, . . . , Xk = 0} describes 5. Then 
any function / £ I can be written as 

/ = ^2c af (y)x a , 

where c a f(y) are formal power series in yi. 

Now x 6 supp(2T, /i) D S iff ord K (c Q ) > // — |a| for all / G X and |a| < [i. Note that 

and consequently supp(T,^) n 5 = H / G x,| Q |< M supp(c Q/ | S , fi - |a|) D supp(C(T, fi)\ s ). 

Assume that all multiple test blow-ups of (I, ji) of length fc with centers Ci C Sj are defined by multiple 
test blow-ups of C(I,fi)\s and moreover for i < k, 

supp(Jj,/i) n Si = swpp[C(X,fi)\ s ]i. 
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For any / £ X define / — f £ X and = cr?(/j) = y. 'V*(/i) £ Zj+i. Assume moreover that for any 

/gX, 

fk = ^c afk (y)x a , 

where c a f k \$ k £ ( a \s k ) c ('^ >ll ~^(^-)\s)- Consider the effect of the blow-up of C k at a point x' in the strict 
transform of 5fc+i C X k+ \. By Lemmas 12. f 0.21 and 12. 10. 51 

supp(2fc+i,M) n Sk+i = supp[C(J,^)] fc+ i n Sk+i C supp[C(T,/z)] fe+1 | Sfc+1 = supp[C(J,/i)| S ] fc+ i 

Let xi, . . . , Xk describe the subvariety S k of Xk- We can find coordinates xi, . . . , Xk, yi, ■ ■ ■ , 2/n-fe, by 
taking if necessary linear combinations of yi, . . . ,y n -k, such that the center of the blow-up is described by 
xi, . . . , Xfe, yi, . . . , y m and the coordinates at x' are given by 

x 'l = Vl/Vm, ■ ■ ■ ,%'k = Xk/Vm, y[ = Vl/Vm, ■ ■ ■ , y' m = Vm,y'm+l = Vrn+1, ...,y' n = J/„- 

Note that replacing yi, . . . , y n -k with their linear combinations does not modify the form fk = ^2 c afk(y)x a ■ 
Then the function fk+i = c c (/fe) can be written as 

fk+i =^2c afk+1 (y)x' a , 

where c a f k +i = ^ +1 (c a / fe ). Thus 

c Q/fc+ i|5 fc+1 = K + i|s fc+1 ) c (c Q/fc | S J G (a*+ l +i y(V»-W(l) ls ) = (* k+1 y(V^(l)) lSk+1 
and consequently 

supp(I fe+ i,/x) n Sfe+i = P| supp(c a/fe+1 | Sfe+1 ,/i- |a|) 2 supp[C(T,/z)| S ] fe +i = supp(C(I, M)fc+x)|s k+1 - 

/£X,|a|</i 

□ 

A direct consequence of the above lemma is the following result: 

Lemma 2.10.5. Let (X,T, E,fi) be a marked ideal of maximal order whose support supp(T, /x) does not 
contain a smooth subvariety S of X . Assume that S has only simple normal crossings with E. Let (Xj) be 
its multiple test blow-up such that all centers Ci are either contained in the strict transforms Si £ Xi of S 
or are disjoint from them. Then the restrictions o~^ Si : Si — > Si-i of the morphisms <7,; : Xi — > X_i define 
a multiple test blow-up (Si) of C(T, fi)\g and 

supp(Ij,/i) nSi = supp[C(J,^)|g]i. 
As a simple consequence of the Lemma l2.10.4l we formulate the following refinement of the Giraud Lemma. 

Lemma 2.10.6. Let (X,X, 0,/i) be a marked ideal of maximal order whose support supp(X, fj,) has codimen- 
sion at least 2 at some point x. Let U 9 x be an open subset for which there is a tangent direction u £ T(X) 
and such that supp(X, /i) C\U is of codimension 2. Let V(u) be the regular subscheme of U defined by u. 
Then for any multiple test blow-up Xi of X, 

(1) supp(2i,/x) is contained in the strict transform V(u)i ofV(u) as a proper subset. 

(2) The sequence (V(u)i) is a multiple test blow-up of C(X, jA)\y< u -\. 

(3) supp(2i,/z) n V(u)i = supp[C(T, n)\v{ u )]i- 

(4) Every multiple test blow-up (V(u)i) ofC(X, fJ>)\v(u) defines a multiple test blow-up (Xi) of(X,fi). 

□ 

Lemma 2.10.7. Let <f> : X' —> X be a smooth morphism of smooth varieties and let (X,X, 0,/x) be a marked 
ideal. Then 



r(c(x))=c(r(i)). 

Proof. A direct consequence of Lemma [2.6.51 



□ 
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3. Resolution algorithm 

The presentation of the following Hironaka resolution algorithm builds upon Villamayor's and Bierstone- 
Milman's proofs. 

Let Sub(-Ej) denote the set of all divisors of E^. For any subset in Sub(i?i) write a sequence consisting of all 
elements of the subset ordered lexicographically followed by the infinite sequence of zeros (Z?i, D 2 , . . . , 0, . . .). 
We shall assume that < D for any D. Then for any two subsets Ai — {D]} i£ i and A 2 = {D^}j e j for 
which {D}} ieI n {D?} jeJ ^ we write 

A x < A 2 

if for the corresponding sequences (D\ 7 D 2 , . . . , 0, . . .) < {D\ 1 D 2l . . . , 0, . . .). 
Let Q> denote the set of nonnegative rational numbers and let 

Q>o : = Q>o U {oo}. 

Denote by Q >0 the set of all infinite sequences in Q >0 with a finite number of nonzero elements. We equip 
Q^ with the lexicographical order. 

Proposition 3.0.8. For any marked ideal (X,T, E, p) such that 1^0 there is an associated resolution 
(Xi)o<i< mx > called canonical , satisfying the following conditions: 

(1) There are upper semicontinuous invariants inv, v and p defined on supp(X;, Ti, Ei, p) with values in 
Q>o x Q>o; Q>o an d Sub(-Ej) respectively. 

(2) The centers Ci of blow-ups are regular and defined by the set where (inv, p) attains its maximum. 
They are components of the maximal locus of inv. 

(3) (a) For any x E supp(X i+ i,2i + i, E i+ i, p) and a(x) E d, either inv(a;) < inv(cr(x)) or 

invi+i(x) = inv(a(x)) and p(x) < p(a(x)). 
(b) For any x E supp(Jf i+ i,2i +:L , E i+ i, p.) and a{x) d, inv(x) = inv(cr(a;)), p(x) = p(cr(x)) and 
p,(x) = h(<t(x)). 

(4) For any etale morphism <p : X' — > X the induced sequence {X[) ~ <p*{Xi) is an extension of 
the canonical resolution of X 1 such that for the induced marked ideals (X[,T[, E[, p) and x 1 E 
supp(X J ',Z [ ', El, p), we have inv(^(a;')) = inv(a;') ; ^{^{x')) = v(x') and p{(f>i{x')) = p(x') E 
Sub(^) C Sub(Ei). 

Proof. Induction on the dimension of X. If X is 0-dimcnsional, 1^0 and p > then supp(X,T, p) = 
and all resolutions are trivial. 

The invariants inv, v and p will be defined successively in the course of the resolution algorithm using the 
inductive assumptions and property (2). 

Step 1. Resolving a marked ideal (X,J,E,p) of maximal order. 

The process of resolving the marked ideals of maximal order is controlled by an auxilary invariant inv 
defined in Step 1. The invariant inv will then be defined for any marked ideals in Step 2. 

Before we start our resolution algorithm for the marked ideal ( J , p) of maximal order we shall replace it 
with the equivalent homogenized ideal C(H(J , p)). Resolving the ideal C(7i(J , p)) defines a resolution of 
{J, p) at this step. To simplify notation we shall denote C(H(J, p)) by (J,p). 

Step la. Reduction to the nonboundary case. For any multiple test blow-up (Xj) of (X 7 J,E,p) 
we shall identify (for simplicity) strict transforms of E on X{ with E. 

For any x E Xi, let s(x) denote the number of divisors in E through x and set 

Si = max{s(x) | x E supp(j7i)}- 

Let s — s . By assumption the intersections of any s > s components of the exceptional divisors 
are disjoint from supp(J r , ~p). Each intersection of divisors in E is locally defined by intersection of some 
irreducible components of these divisors. Find all intersections H^,a E A, of s irreducible components of 
divisors E such that supp( l 7, p) n ^ 0. By the maximality of s, the supports supp(J r | ff3 ) c are 
disjoint from H^r, where a' ^ a. 

Step laa. Eliminating the components contained in supp( 1 7, p). 
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Let C supp( l 7, Ji). If s > 2 then by blowing up C — we separate divisors contributing to if*, thus 
creating new points all with s(x) < s. If s — 1 then by Lemma f2. 7. 71 if* C supp( l /, 71) is a codimension one 
component and by blowing up we create all new points off supp( 1 /,/l). 

For all x £ C supp(J r ,7i) set 

inv(x) = (s(x), oo, 0, . . . , 0, . . .), f(x) = 0, p(x) = 0. 

This definition, as we see below, is devised so as to ensure that all i?„ C supp( l 7, ~p) will be blown up first 
and we reduce the situation to the case where no is contained in supp(j7,7l). 

Step lab. Moving supp(^7, Ji) and if* apart . 

After the blow-ups in Step laa we arrive at X p for which no is contained in supp(j7p,/7), where p = 
if there were no such components and p — 1 if there were some. 

Construct the canonical resolutions of J P \ H s ■ By Lemma \'Z . 1 . 41 each such resolution defines a multiple 
test blow-up of (J p ,fi) (and of (J 7 ~p)) . Since the supports supp(J'i^s) C are disjoint from H^, , where 
a' ^= a, these resolutions glue to a unique multiple test blow-up (Xi)i<j 1 of (J,~p) such that Sj 1 < s. To 
control the glueing procedure and ensure its uniqueness we define for all x S supp(j7,7l) PI the invariant 

The blow-ups will be performed at the centers C C supp(J r ,7i) n H* for which the invariant (inv, p) attains 
its maximum. Note that by the maximality condition for any H * the irreducible components of the centers 
are contained in or are disjoint from them. Therefore by Lemma 12.10. 51 

supp(J r l ,7i)| H j = supp(J r l ,7i) n H s a . 

By applying this multiple test blow-up we create a marked ideal {Jj^ijl) with support disjoint from all H^. 
Summarizing the above we construct a multiple test blow-up (Xi)o<i<j 1 subject to the conditions: 

(1) {Hai)o<i<ji is an extension of the canonical resolution of J\h> ■ 

(2) There are invariants inv, JI and p defined for < i < ji and all x g suppf^,/!) n such that 

5y(x) = (a(x),inv^ ilH ,(s)), uj^Vj^, P^ = Pj iiB ,- 

(3) The blow-ups of Xj, are performed at the centers where the invariant (inv, p) attains its maximum. 

(4) supp^.^nff^ =0. 

Conclusion of the algorithm in Step la. After performing the blow-ups in Steps laa and lab 
for the marked ideal (J,JI) we arrive at a marked ideal (Sj 1 ,~fi) with Sj 1 < sq. Now we put s = Sj 1 and 
repeat the procedure of Steps laa and lab for {Jj x ,~p)- Note that any H% l j 1 on Xj 1 is the strict transform 
of some intersection Ha 1 of s = sj 1 divisors in E on X. Moreover by the maximality condition for all St, 
where i < j\ and a ^ a', the set supp(^7i,7l) PI H^ ti is either disjoint from or contained in it. Thus 
for < i < ji, all centers Cj have components either contained in H^ 1 — or disjoint from them and by 
Lemma l2~TU31 

supp(J r i ,7i)| ff ,. = supp(J l ,7i) ("1 H s al . 

Moreover if we repeat the procedure in Steps laa and lab the above property will still be satisfied until 
either {Ji : Jl)\H s are resolved as in Step lab or ff* disappear as in Step laa. 

We continue the above process till Sj k = s r = 0. Then (Xj)o<j< r is a multiple test blow-up of (X, J, E, /l) 
such that supp( l / r ,7i) does not intersect any divisor in E. Therefore (Xj)o<j<r and further longer multiple 
test blow-ups (Xj)o<j<r f° r any r < r$ can be considered as multiple test blow-ups of (X, J, 0,/l) since 
starting from X r the strict transforms of E play no further role in the resolution process since they do not 
intersect supp(J r j,7i) for j > r. 

Note that in Step la all points x <E supp(J r i,7i) for which s(x) > were assigned their invariants inv, v 
and p. (They are assigned the invariants at the moment they are getting blown-up. The invariants remain 
unchanged when the points are transformed isomorphically.) The invariants are upper semicontinuous by 
the semicontinuity of the function s(x) and the inductive assumption. 

Step lb. Nonboundary case 

Let (Xj)o<j< r be the multiple test blow-up of (X, J, 0,/i) defined in Step la. 
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Step lba. Eliminating the codimension one components of supp(JV, /i). 

If supp(JV,7l) is of codimension 1 then by Lemma [2.7.71 all its codimension 1 components are smooth 
and disjoint from the other components of supp( l / r , JZ). These components are strict transforms of the 
codimension 1 components of supp( l /, 71). Moreover the irreducible components of the centers of blow-ups 
were cither contained in the strict transforms or disjoint from them. Therefore E r will be transversal to all 
the codimension 1 components. Let codim(l) (supp (,^,71)) be the union of all components of supp(j7i,7l)) 
of codimension 1. We define the invariants for x 6 codim(l)(supp(JV,7l) to be 

5v(i) = (0,oo,0, ... ,0, .. .), z/(x)=0, p(x) = 0. 

This definition, as we see below, is devised so as to ensure that all codimension 1 components will be blown 
up first. 

By Lemma 12.7.71 blowing up the components reduces the situation to the case when supp(j7,7i) is of 
codimension > 2. 

Step lbb. Eliminating the codimension > 2 components of supp( t 7 r , 71). 

After Step lba we arrive at a marked ideal supp(J r p ,7i), where p = r if there were no codimension one 
components and p — r + 1 if there were some and we blew them up. 

For any x £ supp( 1 7, 7i) \ codim(l)(supp(J r ,7i) C X find a tangent direction u e I? M ~ 1 ( l 7) on some 
neighborhood U u of x. Then V(u) C U u is a hypersurface of maximal contact. By the quasicompactness of 
X we can assume that the covering defined by U u is finite. Let U U i C Xi be the inverse image of U u and let 
V{u)i C U u denote the strict transform of V(u). By Lemma l2.10.fil (V^(u)j) <i< p is a multiple test blow-up 
of (V(u), 3^\v(u)i 0> m)- m particular the induced marked ideal for i — p is equal to 

Jp\V{u) p = (V(u)p,Jp\V(u) p A E p\ E )\V(u) p ,~P)- 

Construct the canonical resolution of (V(u)i) p <i< mu of the marked ideal J p \v(u) p - Then the sequence 
(y(M)i)o<i< m „ is a resolution of {V(u), J\v(u), 0, /l) which defines, bv Lemma l2.10.6l a resolution (U U i)o<i<m u 
of (U u ,J\ Uu ,$,~p). Moreover both resolutions are related by the property 

supp(J i | (7u .) = supp(J r ! | V( „ ) .). 
We shall construct the resolution of (X, J , 0, 71) by patching together extensions of the local resolutions 

(U u i)o< 

For x 6 supp( l / p ,7i) n U up define the invariants 

inv(x) := (0, inv-^f (x)), v :— v-~ (x), p(x) :— p-^ (x). 

We need to show that these invariants do not depend on the choice of u. 

Let x £ supp(Jp,~p)nUu P nU V p. By Glueing Lemma l2.9.5l for any two different tangent directions u and v 
we find etale neighborhoods 4> u ,4>v ■ U uv — *■ U :=U U C\U V and their liftings 4>p U ,4>pv ■ U™ — > U p := U up f\U vp 
such that 

(1) x™ ■. z _^p U )- 1 (v(u)p) = (M-Hy(v) p ). 

(2) (U™,T p V ,E™,-p) := (ct> pu )*_(U P ,J p ,E p ,Jl) = (<^)*(C/ pj J P ,E P ,JI). 

(3) There exists y 6 supp(t/p J p , i?™,7l) such that (t) pu {x) — <j) pv (x). 

By the functoriality of the invariants we have 

inv-^ (x) = inv-^fu« (x) = inv-^ (x). 

Analogously v-^ (x) = v-^ (x) and p-?f (x) — p-?f (x). Thus the invariants inv, v 

and p do not depend on the choice of the tangent direction. 

Define the center C p of the blow-up on X p to be the maximal locus of the invariant (inv,p). Note that 
for any tangent direction u, either C p CI U up defines the first blow-of the canonical resolution of 
(V(u) p , J p \v{u) p , E p \v(u) p ,V) or Cp H U up = and the blow-up of C p does not change V(u) p C U up . 

Blowing up C p defines X p+ \ and we are in a position to construct the invariants on X p+ i and define the 
center of the blow-up C p +i C X p+ i as before. 

By repeating the same reasoning for j = p + 1, . . . , m we construct the resolution (Xi) p <i< m of 
(X p , J p , E p \ E,~p) satisfying the following properties. 
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(1) For any u, the restriction of (-Xj) p <j< m to (V(u)j)p<i< m is an extension of the canonical resolution 
of (V(tt)p, Jp\v(u) p ,Ep\y( u ) p ,~p). 

(2) There arc invariants inv, ~p and p defined for all points x G supp( 1 7i, IT), p < i < m, such that 

Ev^) := (0, inv Jj|v(ii)j ), u(x) := i^ (|v(t0( («), p(z) := Pj i|v(u)i (»)■ 

(3) The blow-ups of Xi are performed at the centers where the invariant (inv, p) attains its maximum. 

(4) supp(J m ,77) = 0. 

The resolution (A^) p <i< m of (X p , J p ,E p \ E,~p) defines the resolution (Xi) <i< m of (X, J, 0, 7J) and of 
(X,J,E,Jl). 

In Step lb all points x € supp^^Tl) with s(x) = were assigned the invariants inv, v and p. They are 
upper semicontinuous by the inductive assumption. 

Commutativity of the resolution procedure in Step 1 with etale morphisms. 

Let <p ■ X' — > X be an etale morphism. In Step la we find a sequence io := < i\ < . . . < ik = r < m 
such that Si > s il > . . . > s ik and for ii < i < ii+i, we have Sj = Sj r Moreover the resolution process for 
{Xi)i l <i<i l+1 is reduced to resolving J ■ In Step lb we reduce the resolution process for (Xi) to 

resolving ~J lk , V (u) ik - 

Let s'j > > • ■ • > s'j , be the corresponding sequence defined for the canonical resolution (A 4 ') <j<m' 
of "' ' " _ 

Let 0*pQ)o<i<m denote the resolution of (J',~p) induced by (X0 o <j< m . In particular X' = <f>*(X ). We 
want to show the following: 

Lemma 3.0.9. (1) cj>* (Xi)o<i< m is an extension of {Xj)o<j< m ' • 

(2) for a;' G supp(0*(j7i)) we /iai>e f/ie equalities of invariants inv(x') = inv(</>i(x')), ^(x') = 
i/(0i(a;')) and p(x') = p(<f>i(x')). 

Proof. Denote by s(<j>*(Xi)) the maximum number of 4>*(E) through a point in supp((/>*(j7i)). In particular 

s((j)*(Xi j) < Si for any index < i < m. 

Assume that for the index I we can find index such that 

0* (X H , J n , E n , 77) c (X' 3i , , ,Ef jv ,TL). (*) 
(This assumption is satisfied for 1 = 0.) 

(1) If s(<j>*(Xi l )) < Si t then the centers C, of blow-ups in the sequence PQ)»i<»<«i+i are contained in 
the intersections of Sj, divisors in _B and do not hit the images (f>i(4>* (X)i). Thus <f>* (Xi)i l <i<i l+1 
consists of isomorphisms. The property (*) will be satisfied for I + 1 (and for the same I'). 

(2) If s(c/)*(Xi l )) = s i[ > then the intersections (H') s ai of s = s(c/)*(Xi l )) = s i[ divisors are inverse im- 
ages of and the resolution process 0*(X i ) i; < i < i;+1 is reduced to resolving 4>*{Ji l \H B . )■ Moreover 
by the property (★), 

<t>* (J il\H> ail ) =^3v\(H'Y ajl , 

for some V such that Sj v = s i{ . 

By commutativity of etale morphisms with the canonical resolution in lower dimensions we know 
that all resolutions {{H') s ai }i l <i<i l+1 induced by <fi*(Xi)i l <i<i [+1 are extensions of the canonical 
resolutions of J i ,\(H'y ■ Moreover the restrictions <A»|(H')« : {H') s ai — ► H s ai preserve the invariants 
inv, fi and p. Thus (f>* (X i )i l <i<i l+1 is an extension of {X' i )j l ,<i<j ll+l . Moreover for ii < i < ii+i and 
x' e supp((/>*( l 7i,Ti)) n (H') s ai , and x = (j>i(x') we have 

inv(x') = (s(x'), inv (0 , ( j )i|(H/)s) (x)) = (s(x), inv^^x)) = inv(x). 

Analogously f(x') = z/(x) and p(x') = p(x). The property (■*•) is satisfied for I + 1 (and Z' + 1). 

(3) If s(<fi*(X ik )) = s ik = then the resolution process for {X i ) ik < i < m is reduced to the canonical 
resolution of Ji k \v{u) ik on a hypersurface of maximal contact V(u) ik . Also the resolution process 
of J ^ ~ (t>*{Ji k ) is reduced to the to canonical resolution of Ji k \v(u)i. = < ^*(^ r ifc|v(M) if . ) on 
the hypersurface of maximal contact V(u) ik . Since the inverse image of hypersurface of maximal 
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contact is a hypersurface of maximal contact by the same reasoning as before (replacing if* with 
V(u)) we deduce that 4>*(Xi)i h <i< m 1S an extension of (X' i ) ik , <;< m . Moreover for if. < i < m and 

x' G supp(j ■,/!), 

imT(x') = i^ifaix')), v{x') = v(<f>i(x% (IhW)) = 
The lemma is proven. 

Step 2. Resolving marked ideals (X,I,E, p). 
For any marked ideal (X, I, E, p) write 

I = M(1)N(1), 

where M(T) is the monomial part of X, that is, the product of the principal ideals defining the irreducible 
components of the divisors in E, and M(I) is a nonmonomial part which is not divisible by any ideal of a 
divisor in E. Let 

ordjv-(z) : = max{ord x (AA(J)) | x G supp(Z, //)}. 

Definition 3.0.10. (Hironaka, Bierstone-Milman,Villamayor, Encinas-Hauser) By the companion ideal of 
(X, /i) where / = Af(X)Ai(I) we mean the marked ideal of maximal order 

n(T,A-I (-^(^Wd/VXi)) + (M(l),p - ordjv-(i)) if ordjv-(x) < [i, 
\ (AT(T},oid mx) ) if ord^i) > p. 

In particular 0(1, p) = (X, /x) for ideals (X, /i) of maximal order. 

Step 2a. Reduction to the monomial case by using companion ideals. 

By Step 1 we can resolve the marked ideal of maximal order (jj,pj) '■— 0(X,p) using the invariant 
iiTVofi,^). By Lemma 12.8.11 for any multiple test blow-up of 0(1, p), 

supp(0(l,[j,))i =supp[Af(l),ordM( X )}i n supp[M(X), p - ordjv-(frx)]i = 
supp[7V(X),ord A ^(i ) ] i n supp(2i,/i). 

Consequently, such a resolution leads to the ideal (X ri , p) such that ordyv(x ri ) < ord^j) . This resolution 
is controlled by the invariants inv, v and p defined for all x G supp(A/"(I), ordjv(i) ) H supp(2~i, p)i, 

inv(x) = \ ° d ^ (T) , invo^) (xU , v(x) = ^o(z^)O), p(x) = Po{x^)(x). 

Then we repeat the procedure for (X ri , p) . We find marked ideals (X ra , p) — (I, p) , (X ri , p), . . . , (X Tm , p) such 
that ord7v"(x ) > orc W(x ri ) > . . . > ordjv"(i rm ). The procedure terminates after a finite number of steps when 
we arrive at the ideal (X rm ,p) with ordw(x r ) = or with supp(X rm ,p) = 0. In the second case we get the 
resolution. In the first case X Tm = Ai(X rm ) is monomial. 

In Step 2a all points x G supp(2~, p) for which ord c (2") ^ were assigned the invariants inv, p, p. They are 
upper semicontinuous by the semicontinuouity of ord K and of the invariants inv, p, p for the marked ideals 
of maximal order. 

Step 2b. Monomial case X = M(I). 

Define the invariants 

in.v(a;) = (0,... > Q,...), v(x) = 0ldx( - I \ 

P 

Let X\, . . . ,%k define equations of the components Df, . . . , Dji G E through x G supp(X,2~, E, p) and X 
be generated by the monomial x ai ''"> ak at x. In particular v(x) = a i+— +">= ■ 

Let p(x) — {Di t , . . . , Di t } G Sub(i?) be the maximal subset satisfying the properties 

(1) a il +... + a il > p. 

(2) For any j = 1, . . . , I, a ix + . . . + + . . . + a it < p. 

Let R(x) denote the subsets in Sub(£') satisfying the properties (1) and (2). The maximal components of 
the supp(2", p) through x are described by the intersections Pice A D where A G R(x). The maximal locus 
of p determines at most o one maximal component of supp(Z, p) through each x. 

After the blow-up at the maximal locus C = {xi 1 = . . . = x^ — 0} of p, the ideal X — (x ai >---< ak ) is equal to 
X' = (;£' ai '-- '% - 1 ' a ' a, j+ 1 ' - ' afc ) j n the neighborhood corresponding to Xi j , where a = ai 1 +. . ■+ai [ —p < aj, . In 
particular the invariant v drops for all points of some maximal components of supp(2T, p). Thus the maximal 
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value of v on the maximal components of supp(Z, p) which were blown up is bigger than the maximal value of 
v on the new maximal components of supp(I, p). Since the set ^Z> of values of v is discrete the algorithm 
terminates after a finite number of steps. □ 

Commutativity of the resolution procedure in Step 2 with etale morphisms. The reasoning is 
the same as in Step 1. Let <j> : X' — > X be an etale morphism. In Step 2a we find a sequence r := < r\ < 
... <r k =r such that ord^x^,) > ord^z^) > . . . > ordjV(x rr j and for r 3 <i < r j+1 , ord^x,.,.) = ord//( Zj) . 
Moreover the resolution process for (Xi) rj <i<r j+1 is reduced to resolving the marked ideal of maximal order 
0(X rj ). Let ordy V '(i P0 ') > ordjv"(i P1 ') > ... > ord/v"(z p ) be the corresponding sequence defined for the 
canonical resolution of (X',p) = <p*(X,p). 

Lemma 3.0.11. (1) (4>* (Xi))o<i< m is an extension of (X' i )o<j< m i . 

(2) For x' G supp(0* (2j)) we have the equalities of invariants inv(x') = mv((f)i(x')), v{x') — v(4>i(x')) 
and p(x') = p(4>i(x')). 

Proof. Note that all morphisms (pi : <j>*(Xi) — > Xi preserve the order of the nonmonomial part at a point 
x G supp(0*(Xi)). Assume that for the index I we can find an index V such that 

<t>* (X ri , X r , , E n , p) ~ (X' pi , , I' pi , ,E' Pi ,,Jl). 

(1) If ordjV(i ri ) > ordjV(0* x r;) = ordjv"(x p ,) then the centers of blow-ups of (Xi) n <i <n+1 are contained 
in the loci of the points x for which ord x (Af(Xi)) = ordjv"(i r) - Therefore they are disjoint from 
images of <p*(Xi). Consequently, <p* {X i ) ri < : i <ri+1 consists of isomorphisms. 

(2) If ord^x^) = ordjv^. z n ) = ord^x^) then <p* n (0(l r , )) = 0(4>* ri (X n ). By commutativity of the 
canonical resolution in Step 1 we get for any x' G supp(0(</>* (Xi)), and any r; <i < n+i, 

mv(x') = (ordjv^ij, inv (^(i i ))(a;')) = (ord A ^ (Ii) , inv 0( x s ) = inv(^(a;')). 

Analogously f(x') = v((pi(x')), <pi(p(x')) = p(<pi(x')) and ^>*(X i ) r; < i<J . ;+1 is an extension of the part 
of the resolution of (X-) Pl < i<Pl+1 . 

(3) If X rk = A4(X rk ) and X' p t — <p*(X rk ) = M.(<p* (I Tk )) are monomial the resolution process is controlled 
by the invariant p. The set of values of p on X' can be identified via (p* with subset of a set of 
values of p on X: Sub(_E') C Sub(_E). By definition p and v commute with smooth morphisms: 
p(<p(x')) = p(x') and v(<p(x')) = v(x'). The blow-ups on (X) rk <i< m are performed at the centers 
where p attains its maximum. Thus the induced morphisms on <p* (X) rk <i< m either are blow- 
ups performed at the centers where p attains a maximum or arc isomorphisms. Consequently, 
0*(Ai) rfe <j< m is an extension of {X<) Pk , <i< m '- □ 

3.1. Summary of the resolution algorithm. The resolution algorithm can be represented by the follow- 
ing scheme. 

Step 2. Resolve (X,p). 

Step 2a. Reduce (X, p) to the monomial marked ideal X — M(X). 

If X 7^ M.(X), decrease the maximal order of the nonmonomial part M(X) by resolving the companion 
ideal 0(1, p). For x G supp(0(2~, p)), set 

uiv(.t) = (oxd x (N(J))/ p,mv 0{x ^ ) ). 

Step 1. Resolve the companion ideal (J,pj) ■= 0(1, p) : 
Replace J with J := C(H(J)) ~ J. (*) 

Step la. Move apart all strict transforms of E and supp( l 7, p). 

a- 

Move apart all intersections of s divisors in E 

(where s is the maximal number of divisors in E through points in supp(X, p)). 

t 
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Step laa. If J\H s a =0 for some C supp( 1 7), blow up H^. For x E set 

inv(ar) = (ord x (Af(J))/ p, s,oo,0, ...), ^(ar) = 0, p(x) = 0. 

Step lab. If J\h> 7^ for any a, resolve all J\h» ■ For x E supp( l 7, /u) (~l set 
inv(x) = (ord^A^J))/^, s, invj |HS (a;)), = (x), p(x) = Pj [h& (x). 

Blow up the centers where (inv, p) is maximal. 
Step lb If the strict transforms of E do not intersect supp(J r , y u), resolve (J , p). 

t 

Step lba. If the set codim(l)(supp(J r ) of codimension one components is nonempty, 
blow it up. For x E supp(^7, p) — codim(l)(supp(j7) set 

inv(x) = {ord x (Af(J))/p, 0, oo, 0), v{x) = 0, p(x) = 0. 

Step lbb. Simultaneously resolve all J\v( u ) (by induction), where V(u) is a hypersurface of 

maximal contact. For x E supp(j7, p) \ codim(l)(supp( t 7)) set 
inv(x) = [ovd x (N{J))/p, s(a;), inv^ |v(u) (x)), v{x) = Vj ]v(u) {x), p{x) = Pj ]v(u) (x). 

Blow up the centers where (inv, p) is maximal. 
Step 2b. Resolve the monomial marked ideal I = M(T). 
(Construct the invariants inv, p and v directly for M{I).) 

Remarks. (1) (*) The ideal J is replaced with Ti(J') to ensure that the invariant constructed in Step 
lb is independent of the choice of the tangent direction u. 

We replace H(J) with C(H{J)) to ensure the equalities supp(j7|s) = supp(J") nS, where S = 
in Step la and S — V(u) in Step lb. 

(2) If p, = 1 the companion ideal is equal to 0(1,1) = (N{I), Ma/"(i)) so the general strategy of the 
resolution of X, p is to decrease the order of the nonmonomial part and then to resolve the monomial 
part. 

(3) In particular if we desingularize Y we put p = 1 and X = Xy to be equal to the sheaf of the subvariety 
Y and we resolve the marked ideal (X,X, %,p). The nonmonomial part M{Xi) is nothing but the 
weak transform (<r l ) w (X) ofX. 



3.2. Desingularization of plane curves. We briefly illustrate the resolution procedure for plane curves. 

Let C C A 2 be a plane curve defined by F(x, y) = (for instance x 2 + y 5 = 0). We assign to the curve C 
the marked ideal (X,Xc, 0, 1). The nonmonomial part of a controlled transform of the ideal Xc is the ideal 
of the strict transform of the curve (In general it is the weak transform of the subvariety). In particular 
Xc=N{X c ). 

In Step 2a we form the companion ideal which is equal to J := 0(Xq) — {Xc, p), where p is the maximal 
multiplicity. Resolving 0(Xc) will eliminate the maximal multiplicity locus of C and decrease the maximal 
multiplicity of the ideal of the strict transform of C. The maximal multiplicity locus of C is defined by 
supp(Xc, p) = V (V^^ 1 (Ic)) , which is a finite set of points for a singular curve. 

In the example p = 2 and J = 0(X C ) = (2c, 2), T(J) = {V{X c ),l) = ((x,y 4 ),l), supp(2c,2) = 
F(x,y 4 ) = {(0,0)}. 

In Step 1 we resolve the companion ideal J = (Xc,p). First replace J with J := C(H(J)). In the 
example 

~J := C(H(J)) = U(J) = (x 2 , xy 4 , y 5 ). 

Since at the beginning there are no exceptional divisors we go directly to Step lb. 

Step lb. For any point p with multiplicity p we find a tangent direction u E T(X,p) at p. In particular 
u = x for p = (0, 0). Then assign to p the invariant 

inv(p) = (p,0,ord p (J lv{u) )/p!,oo,0, . . .). 
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In general for local coordinates u, v at p we have J\v( u ) = {v™ > A 4 ') an d we can write the invariant as 

inv(p) = (/x,0,m//i!,oo,0, ...), = 0, = 0. 

In the example Jjy(„) = Jjy( x ) = (y 5 , 2) and 

inv(p) = (2,0,5/2,00,0,...)- 
The resolution of consists of two steps: Reducing to the monomial case in Step 2a and resolving the 

monomial case in Step 2b. We blow up all points for which this invariant is maximal. After the blow-ups 
>J\v(u) is transformed as follows: 

If supp(y™~ p\) = then Jjy( u ) is resolved and the multiplicity of the corresponding points drops. Other- 
wise <J c (J)\v(u) = (y"xc^T^) is monomial for all points with the highest multiplicity. The assigned invariant 
is 

inv(p') = ( M , 0,0, 0,0,...), v(p') = (m-p\)/p\, p(p') = D cxc . 

In the example a c (y 5 ,2) — (y^ xc ,2) and mv(p') = (2,0,0, . . .) and v(p') = 3/2. The equation of the strict 
transform of C at the point with the highest multiplicity changes as follows 

(5) x 2 + y 5 = ~ x 2 + y 3 cxc = 

After the next blow-up the invariants for all points with the highest multiplicity are equal 

inv(p") = (M,0,0,0,0,...) v{p') = (m - 2p\)/p\ p{p") = D' exc 

We continue blow-ups till m — lpl < p\. At this moment supp((T c (j7')|y( u )) = and the marked ideal J\v(u) is 
resolved (as in Step lb). Resolving J\v( u ) is equivalent to resolving J and results in dropping the maximal 
multiplicity. In the example after the second blow-up 5 — 2 • 2 < 2 and the maximal multiplicity drops to 1. 

(6) x 2 + y c 3 xc = h-> x 2 + y' exc = 

After all points with the highest multiplicity are eliminated and the maximal multiplicity of points drops 
we reconstruct our companion ideals for the controlled transform of Xq. The companion ideal of a c (Tc) is 
equal to J' := (lc,p'), where Tc is the ideal of the strict transform and p! is the highest multiplicity. 
As before supp(J r/ ) defines the set of points with the highest multiplicity. In our example the curve C is 
already smooth and fi' = 1. However the process of the embedded desingularization is not finished at this 
stage. Some exceptional divisors may pass through the points with the highest multiplicity. In the course of 
resolution of J' we first move apart all strict transforms of the exceptional divisors and the set of points with 
multiplicity p! . This is handled in Step la by resolving J'\h^. The maximum number of the exceptional 
divisors passing through points of supp( 1 /') can be s = 2 or s = 1. If s — 2 then the assigned invariants are 

inv(p') = (//,2,oo,0,...), u(p)=0, p{p) = t 
The blow-up of the point separates the divisors. If s = 1 then = D a is a single divisor, 

mv(p') = ( f i',l,OTd p >(U(j\ D J)/p J \,0,---), vtf)=0, p(p') = 0, 
where N{j'\ Da ) — ((v m ), We resolve this ideal as above: First we eliminate the nonmonomial part 
N{J\D a ) an d then resolve the resulting monomial ideal ■ 

In our example the second exceptional divisor y' eKC = passes through the point p": x = y' cxc = 0. 

M(j' lD J = (x 2 ,i) ~ (j4 c ,i) ~ ((W) 

X 2 + Vcxc = >-> 2/exc + V'cxc = l-> 1 + 2/exc = 

inv(p") = (1, 1, 2, . . .), u{p") = 0, i > inv(p"') = (1, 1,0,.. .), u{p'") = 1 

After the ideals are resolved the strict transforms of all exceptional diviors are moved away from the set 
of points with highest multiplicity and we arrive at Step lb. If p! = 1 we stop the resolution procedure. 
At this moment the invariant for all points of the strict transform of C is constant and equal to inv(p) = 
(1, 0, oo, 0, . . .), p(p) = 0. The strict transform of C is now smooth and has simple normal crossings with 
exceptional divisors. It defines a hypersurface of maximal contact. 

If p] > 1 we repeat the procedure for Step lb described above. After the ideals J\v( u >) are resolved the 
highest multiplicity drops. The procedure terminates when the invariant is constant along C and equal to 

inv(p) = (l,0,oo,0, ...), p(p) = 0. 
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4. Conclusion of the resolution algorithm 

4.1. Commutativity of resolving marked ideals with smooth morphisms. Let (X,l, 0,/i) be a 
marked ideal and (f> : X' ^ X be a smooth morphism of relative dimension n. Since the canonical resolution 
is defined by the invariant it suffices to show that my(<p(x)) = inv(a;). Let U' C X' be a neighborhood 

of x such that there is afactorization <f> '■ U' — > X x A™ —> X, where cf>' is etale and 7r is the natural 
projection. The canonical resolution (Xi x A n ) of p*(X, I, E, p) is induced by the canonical resolution (Xi) 
of (X,X, E, p) and the invariants inv, and p are preserved by ir. Then for x' e supp(X', J', E' , p) fl U' 
we have inv(</>(x')) = inv(7r(0'(a; / ))) = mv((/>'(a;')). Since 0' is etale, the resolution (^^(Xj) = cf)'* {Xi x A") 
is an extension of the canonical resolution of X'^, and inv((j)'(x)) = inv(:r). Finally inv(^>(a;)) = inv(ai). 
Analogously p((f>(x)) = p(x) and p(<f>(x)) — p(x). 

4.2. Commutativity of resolving marked ideals (X,X, 0, 1) with embeddings of ambient varieties. 

Let (X, X, 0, 1) be a marked ideal and (f> : X ^ X' be a, closed embedding of smooth varieties. Then cf) defines 
the marked ideal (X',X', 0, 1), where X' — (j>*(X) ■ Ox 1 - We may assume that X is a subvariety of X' locally 
generated by parameters u\, . . . ,Uk- Then m, . . . ,Uk G X'(U') = T(U') define tangent directions on some 
open V C X' . We run steps 2a and lbb of our algorithm through. In step 2a we assign inv(x) = (1, invi(ir)) 
(since the maximal order of X = Af(X) is equal to 1, and X = 0(X)) and in Step lbb (nonboundary case 
s{x) = 0) we assign 

(7) invi/(x) = (l,0,inv^ v(ui) (a;)), v x \x) = v x > vM (x), p T {x) = Px\ v(u Jp) 

passing to the hypersurface V(u\). By Step lbb resolving (X',X',0,/i) is locally equivalent to resolving 
iy{u),X' v , y 0, p) with relation between invariants defined by (1). By repeating the procedure n times and 
restricting to the tangent directions u\,...,Uk of the marked ideal lonXwe obtain: 

(8) invito;) = (1,0, 1,0, . . . , 1,0, invi(a;)), pi>{x) = px(x), v T \x) = v T {x). 

Resolving (X',X', 0, p) is equivalent to resolving (X,X, 0, p) with relation between invariants defined by (10). 

4.3. Commutativity of resolving marked ideals with isomorphisms not preserving the ground 
field. 

Lemma 4.3.1. Let X,X' be varieties over K and X be a sheaf of ideals on X. Let <p ■ X' — > X be an 
isomorphism over Q. Then <f)*(V l (I)) = V l ((f)*(X)) for any i. 

Proof. It suffices to consider the case i — 1. The sheaf T> l (X) is locally generated by functions / G X regular 
on some open subsets U and their derivatives D(f) . Then (ff (V (X)) is locally generated by 4>*{f) and 
<f>*Df = 0*£>(0*)-V7- But for any derivarition D G Dcr fe (0([T)), D' := <f>*D{(j)*)~ l G Der fe (£)(^- 1 ([/)) 
defines a if-derivation of C(i/i _1 (C/)). □ 

Proposition 4.3.2. Let (X,X,E,p) be a marked ideal. Let (f> : X' — > X be an isomorphism over Q. For 
any canonical resolution (Xi) of X the induced resolution (X^) :— (Xi Xx X') is canonical. Moreover the 
isomorphism <p lifts to isomorphisms <f>i : X[ — ► Xi such that 

inv(<f)(x)) — inv(x), v(<f)(x)) = v(x), p(<f>(x)) — <p(p(x)). 

Proof. Induction on dimension of X. First assume that (X,X, E,p) = (X,J,E,p) is of maximal order 
as in Step 1. Then, by the lemma, (f>^C(Ti.(J))) = C(H(J)). Resolution algorithm in Step la is reduced 
to resolution of the restrictions of marked ideals X to intersections of the exceptional divisors H^. This 
procedure commutes with the isomorphism <f). Moreover 

mv(<f)(x) = (s((p(x)),mv^ H sy((j)(x))) = (s(or),inv| Jf .(ar)) = inv(x), 

v((f){x)) = u^hs^x)) = v\ H °{x) = v{x), p(<p(x)) = <f)(p(x)), 
by the inductive assumption. In Step lb we reduce resolution of the marked ideal to its restriction to a 
hypersurface of maximal contact defined by u G T>^ 1 (X) on an open subset U. This procedure commutes 
with (p. The corresponding marked ideal (<f)*(J'),p) is restricted to the hypersurface of maximal contact 
on <f>~ l {U) defined by 4>*(u) G (f>* (T)^ 1 (»/)) . The invariants defined in this step commute with <f> by the 
inductive assumption. In Step 2a we decompose arbitrary marked ideal into the monomial and nonmonomial 
part. Since an isomorphism <p : X' — > X maps divisors in E' to divisors in E it preserves this decomposition. 
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Consequently, it preserves companion ideals and the invariants inv, p, p defined in Step 2a. Also the invariants 
defined in Step 2b are preserved by <f>. Therefore <fi commutes with canonical resolutions. 

4.4. Resolving marked ideals over a non-algebraically closed field. Let (X,l,E,p) be a marked 
ideal defined over a field K. Let K be the algebraic closure of K. Then the base change K i— » K defines 
the G = Gal(K /if )-invariant marked ideal (X ,1, E, p) (over K). The canonical resolution (X,T, E, p) is 
G-equivariant and defines canonical resolution of (X,l, E, p) over K . This resolution commutes with smooth 
morphisms and embeddings of the ambient varieties over K and with isomorphisms over Q. 

4.5. Principalization. Resolving the marked ideal (X,l, 0, 1) determines a principalization commuting 
with smooth morphisms, group actions and embeddings of the ambient varieties. 

The principalization is often reached at an earlier stage upon transformation to the monomial case (Step 
2b). This moment is detected by the invariant inv, which becomes equal to inv(:r) = (0, . . . , 0, . . .). (However 
the latter procedure does not commute with embeddings of ambient varieties) 

4.6. Weak embedded desingularization. Let Y be a closed subvariety of the variety X. Consider the 
marked ideal (X,ly, 0, !)■ Its support supp(2y, 1) is equal to Y. In the resolution process of (X,ly, 0, 1), 
the strict transform of Y is blown up. Otherwise the generic points would be transformed isomorphically, 
which contradicts the resolution of (X,ly, 0, 1). At the moment where the strict transform is blown up the 
invariant along it is the same for all its points and equal to 

inv(x) = (l,0;l,0;...;l,0;oo; 0,0,0,...), 

where (1,0) is repeated n times. This value of invariant can be computed for the generic smooth point 
of Y. We apply Step 2a (ord x (l) = 1,1 = 0(1)) and Step lb (nonboundary case s(x) = 0) passing to a 
hypersurface n times. Each time after running through 2a and lb we adjoin a couple (1,0) to the constructed 
invariant. After the n-th time we arrive at Step lba where the algorithm terminates and oo followed by zeros 
is added at the end of the invariant. 



4.7. Bravo- Villamayor strengthening of the Weak Embedded Desingularization. 

Theorem 4.7.1. (Bravo-Villamayor (see |12| . |11| ) ) Let Y be a reduced closed subscheme of a smooth 
variety X and Y — [J Yi be its decomposition into the union of irreducible components. There is a canonical 
resolution of a subscheme Y C X, that is, a sequence of blow-ups (-X"j)o<i< r subject to conditions (a)-(d) 
from Theorem \1.0.S\ such that the strict transforms Yi of Yi are smooth and disjoint. Moreover the full 
transform of Y is of the form 

(zy(iy) = M((sy(iy)).i 9 , 

where Y := {J Yi C X is a disjoint union of the strict transforms Yi of Yi, l y is the sheaf of ideals of Y and 
A4((a)*(2y)) is the monomial part of (a)*(2y). 

Proof. Consider the canonical resolution procedure for the marked ideal (A,2y,0,l) (and in general for 
(X,l, E, p)) described in the proof of Proposition 13 . . 8l We shall modify the construction of the invariants 
in the canonical resolution. In Step 1 we define inv', p' , v' in the same way as before. In Step 2 we modify 
the definition of the companion ideal to be 



, f (M(l),l) iford^ (I) <l 

[ ,N \ 0(1, n) otherwise. 



and p = 1 and M(l) ^ O x , 



We define invariants as follows. If ordjv'(i) < 1 and p — 1 and (M.(T)) ^ Ox we set 
inv' (x) = (3/2,0,0, . . .), v'(x) = V(m(I),i)(x), p' (x) = p {M{X )s)(x) 
defined as in Step 2b. Otherwise we put as before 

inv(x) = ( ^^■,inv (2:^)(a;)Y v(x) = v oi i tll) (x), p(x) = p (i^)(x). 

Note that the reasoning is almost the same as before. The difference occurs for resolving marked ideals 
(1,1) in Step 2 when we arrive at the moment when max{ord 3; (A/'(I))} = 1. Let v l (x) denote the first 
coordinate of the invariant inv. Note that v 1 (x) = 3/2 for all points of supp(X, 1) for which 1 is not purely 
nonmonomial. First resolve its monomial part as in Step 2b (for all points with v 1 (x) — 3/2). The blow-ups 
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are performed at exceptional divisors for which p(x) is maximal. We arrive at the purely nonmonomial case 
(^ 1 (x) = 1) and continue resolution as before. 

Let us order the codimensions of the components Y in a increasing sequence n := codimYi < ... < r^ := 
codim Yfe. 

We shall run Steps 1-2 of this procedure with the above modifications till the strict transform of one of 
the components Y is the center of the next blow-up. At this point the invariants are constant along this 
strict transform and are equal to 

inv(a;) = (1,0; 1,0;...; 1,0; oo; 0,0,0,...), u'(x)=0 p'(x) = ® 

where (1, 0) is repeated r\ times. (These are the values of the invariants for a generic smooth point of Y\.) 

Claim: Let (X, 1) be a marked ideal on X such that Y\ is an irreducible component o/supp(X). Moreover 
assume that X = Iy 1 in a neighborhood of a generic point of Y\ . At the moment of the ( modified resolution 
process) for which 

max(inv(x)) = (1, 0; 1, 0; . . . ; 1, 0; oo; 0, 0,0,.. .) 
the controlled transform of (X, 1) is equal to ly in the neighborhood of the strict transform Y\ ofY\. 

We prove this claim by induction on codimension. Note that when we run Step 2a of the algorithm 
at some point we arrive at a marked ideal for which max(^ 1 (x)) = 1. At this stage X = M(X) is purely 
nonmonomial and 0'(X) = (1, 1). Note that starting from this point the controlled transform of X remains 
nonmonomial for all points with ^(x) = 1. Then we go to Step 1 and construct C(H(X, 1)) = (X, 1). In 
Step la we run the algorithm arriving at the nonboundary case in Step lb. At this point we restrict X to a 
smooth hypcrsurface of maximal contact V(u). If we are in Step lba this hypersurface is the strict transform 
of Y\ . Moreover the order of the controlled transform a c (X) of X is 1 along the strict transform of Y\ and 
thus a c (X) is the ideal of this strict transform (in the neighborhood of the strict transform) . 

In case lbb we apply the (modified) canonical resolution to the restriction Xiyi u y This restriction X\y< u \ 
satisfies the assumption of the claim for Y\ C V(u) (we skip indices here). By the inductive assumption the 

controlled transform a c (X)^ V (u) of (I\v(u), 1) is locally equal to the ideal of the strict transform Y\ C V(u) 
of Y\. Since u 6 er c (T) it follows that cr c (X) = Xy (in the neighborhood of Yi). The claim is proven. 

All the strict transforms of codimension r\ are isolated. We continue the (modified) canonical resolution 
procedure ignoring these isolated components. We arrive at the moment where some codimension r2 > r\ 
component is the center of the blow-up and the invariant inv is equal to 

inv(a;) = (1,0; 1,0;...; 1,0; oo; 0,0,0,...), v'{x)=Q, p'(x)=<D, 

where (1,0) is repeated r 2 times. Again by the claim the controlled transform of all codimension r 2 > n 
components coincide with the strict transform and are isolated. Starting from this moment those components 
are ignored in the resolution process. We continue for all r^. At the end we principalizc all components if 
there are any which do not intersect the strict transforms of Yj. 

4.8. Desingularization. Let Y be an algebraic variety over K. By the compactness of Y we find a cover 
of affine subsets Ui of Y such that each Ui is embedded in an affine space A™ for n » 0. We can assume 
that the dimension n is the same for all Ui by taking if necessary embeddings of affine spaces A ki C A". 

Lemma 4.8.1. Let 4>\,4>2 '■ Y C A™ be two embeddings defined by two sets of generators gi,...,g n and 
hi, . . . ,h n respectively. Define three embeddings : Y — > A 2 ™ for i = 0, 1, 2 such that 

*o(z) = (gi(x), ■ ■ -,9n(x), hi(x), h n (x)), 
*i(aO = (gi(x),...,g n (x),0,...,0), 
$> 2 {x) = (0,...,0,h 1 (x),...,h n (x)). 
Then there are automorphisms $i,$2 of A 2 " such that for i = 1,2, 

Proof. Fix coordinates x\, . . . , x n , yi, . . . , y n on A 2 ". Find polynomials Wi{x\, . . . , x n ) and Vi{x\, . . . , x n ) 
such that for i = 1, . . . , n, 

Wi(hi, . . .,h n ) = g u Vi(gi, ...,g n ) = hi. 
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Set 

■ ■ ■ ,x n ,yi, . . . ,y n ) = (xt, ...,x n ,yx- . . .,x n ), ...,y n - v n (xi, . . -,x n )), 

$ 2 (xi, ...,x n ,y 1 ,...,y n ) = {xx - w x (yi, . . .,y n ), ...,x n - w n (yi, . . .,y n ),yi, ■ ■ .,y n )- 

□ 

Proposition 4.8.2. For any affine variety U there is a smooth variety U along with a birational morphism 
res : U — > U subject to the conditions: 

(1) For any closed embedding U C X into a smooth affine variety X , there is an embedding U C X into 
a smooth variety X which is a canonical embedded desingularization of U C X. 

(2) For any open embedding V > U there is an open embedding of resolutions V c — > U which is a lifting 
of V —> U such that V — ► res^ 1 (y) is an isomorphism over V. 

Proof (1) Consider a closed embedding of U into a smooth affine variety X (for example X = A"). 
The canonical embedded desingularization U C X of U C X defines the desingularization U — > U. This 
desingularization is independent of the ambient variety X. Let <f>\ : U C X\ and 02 ■ U C Xi be two 
closed embeddings and let Ui C X, be two embedded desingularizations. Find embeddings ipi : X, — > A" 
into affine space A™. They define the embeddings ipi<f>i : U — > A™. By Lemma 14.8.11 there are embeddings 
: A™ — > A 2 ™ such that Wi^i</>i = ^2^2<j>2 ■ U — * A 2 ™. Since embedded desingularizations commute with 
closed embeddings of ambient varieties we see that the Ui are isomorphic over U. 

(2) Let V — » {/ be an open embedding of affine varieties. Assume first that V = £// = f/\ V(/), where 
/ G JC[J7 ] is a regular function on U. Let [/ C X be a closed embedding into an affine variety X. Then 
Uf C Xf is a closed embedding into an affine variety Xp = X \ V(F) where F is a regular function 
on F which restricts to /. Since embedded desingularizations commute with smooth morphisms the open 
embedding Xp C X defines the open embedding of embedded desingularizations (Xp, Uf) C (X, U) and the 
open embedding of desingularizations Uf C U. 

Let V C U be any open subset which is an affine variety. Then there are desingularizations resy : V — > V 
and resy : U — > [/. Suppose the natural birational map — > res^ 1 (l^) is not an isomorphism over V. Then 
we can find an open subset Uf d V such that reSy 1 (C//) — > res^ 1 (L r /) is not an isomorphism over [//. But 
[// = V/ and by the previous case reSy 1 (t r /) ~Uf — Vf~ res^ 1 (V r ). □ 



Let t/j be an open affine cover of X. For any two open subsets Ui and Uj set Uij := Ui D Uj. For any 
Ui and Uij we find canonical resolutions Ui and CZy respectively. We define X to be a variety obtained 
by glueing Ui along Uij. Then X is a smooth variety and X — > X defines a canonical desingularization 
independent of the choice of fTy. 

4.9. Commutativity of non-embedded desingularization with smooth morphisms. 

Lemma 4.9.1. Let cj>x ■ U A" 1 and cf>2 V ^ A" &e closed embeddings of affine varietes U and V. Let 
4> : U — > V be an etale morphism at S {/. TTien i/iere exists a variety X C A m containing U and smooth 
at and a morphism $ : X — > A™ extending the morphism (f> : U V and which is etale at 0. 

Proof. Let x := xi, . . . ,x n and y := y\, . . . ,y m be coordinates on A" and A" 1 respectively. Let g\ := 
4>*(xi), ...,g n := 4>*(xn) be generators of the ring K[V] C K[U\. Write K[V] = K[xi, . . . ,x n ]/(fi(x), . ..,fi(x)). 
Extending the set of generators of K[V] to a set of generators of K[U] gives 

K[U] = K[xx, ...,x n ,yx,.. -,y m ]/(fi(x) fi(x),hi(x,y), h r (x,y)). 

Since <j> is etale at the functions X\, . . . , x n generate the maximal ideal of 

O ,u = K[[xi, ...,x n ,yi,.. -,y m ]]/(fi(x), ...,fi, hi, h r ) = K[[xi, . . .,x n ]]/(fi, ...,fi) = O x>v . 

Choose a maximal subset {h h , . . . ,h is ] C {hi,...,h r } for which xi, . . . x n , h^, . . . , h is G (xi^\xZvu'-Zv™) 2 
are linearly independent. Then s — m and (xi, . . . x n , h^, . . . , hi m ) — (xi, . . . ,x n ,y\, . . . , y m ) define the set 
of parameters at x. 

The subvariety X — {(x,y) \ h^ = . . . = hi m = 0} C A m is smooth at and the restriction p\ x ■ X A™ 
of the natural projection p : A m+n — > A" is etale at 0. Consequently, U' ^ V is etale at where 
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U' := Spcc(K[x 1 , . . . ,x n ,y 1 , . . . ^^/(f^x), . . . fi(x),h il (x,y), . . . ,h im (x,y)). Also the closed embedding 
U — ► U' is etale at 0. Then U is a component of U' . □ 

Every smooth morphism <p : U — > V of relative dimension r locally (for some open U' C U) factors 
through an etale morphism ip : U' — > V x A r followed by the natural projection p : V x A' " — » V. By 
the above and the lemma for any smooth morphism : [/ — > V and x E U we can find a neighborhood 
U x C U of x and a smooth morphism of embedded varieties (U x ,Xjj x ) — > (V, AV) where A;y x and Xy are 
smooth. Commutativity of embedded desingularizations with etale morphisms implies commutativity of 
nonembedded desingularizations. 
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